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Abstract 



The main purpose of this monograph is to give an elementary and self-contained 
account of the existence of asymptotically hyperbolic Einstein metrics with pre- 
scribed conformal infinities sufficiently close to that of a given asymptotically hy- 
perbolic Einstein metric with nonpositivo curvature. The proof is based on an 
elementary derivation of sharp Fredholm theorems for self-adjoint geometric linear 
elliptic operators on asymptotically hyperbolic manifolds. 
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CHAPTER 1 



Introduction 



In 1985, Charles Fefferman and Robin Graham '28" introduced a new and 
powerful approach to the study of local invariants of confornial structures, based 
on the observation that the group of conformal automorphisms of the n-sphere 
(the Mobius group) is essentially the same as the group of Lorentz transformations 
of (n + 2)-dimensional Minkowski space. Concretely, one sees this by noting that 
the conformal structure of the n-sphere can be obtained by viewing the sphere 
as a cross-section of the forward light cone in Minkowski space. Fefferman and 
Graham attempted to embed an arbitrary conformal n-manifold into an [n -\- 2)- 
dimensional Ricci-flat Lorentz manifold. They showed that such a Lorentz metric 
(which they called the ambient metric) can be constructed by formal power series 
for any conformal Riemannian metric, to infinite order when n is odd and to order 
n/2 when n is even; and that this formal metric is a conformal invariant of the 
original conformal structure. 

Once this Lorentz metric (or at least its formal power series) is constructed, 
its pseudo-Riemannian invariants then automatically give conformal invariants of 
the original conformal structure. Combined with later work of Bailey, Eastwood, 
and Graham this construction produces all local scalar conformal invariants 
of odd-dimensional conformal Riemannian structures. 

In |29j . Graham and I adapted this idea to the global setting. We began with 
the observation that there is a third natural realization of the Mobius group, as the 
set of isometrics of the hyperbolic metric on the interior of the unit ball B"+^ C 
M"+^. As noted by Fefferman and Graham in '28', given a compact Riemannian 
manifold (S', 5), the problem of finding a Ricci-flat ambient Lorentz metric for the 
conformal structure [g] is equivalent to that of flnding an asymptotically hyperbolic 
Einstein metric g on the interior of an (n-|- l)-dimensional manifold- with-boundary 
M that has S as boundary and [g] as conformal infinity in the following sense: 
For any smooth, positive defining function p for S = dM, the metric p^g extends 
continuously to M and restricts to a metric in the conformal class [g] on S. This 
suggests the following natural problem: Given a compact manifold-with-boundary 
M and a conformal structure [5] on dAI, can one find a complete, asymptotically 
hyperbolic Einstein metric g on the interior manifold M that has \g] as conformal 
infinity? Such a metric is said to be conformally compact. To the extent that 
the answer is yes and the resulting Einstein metric is unique up to boundary- 
fixing diffeomorphisms, one would thereby obtain a correspondence between global 
conformal invariants of [5] and global Riemannian invariants of g. Graham and I 
showed in |29| that every conformal structure on S" sufficiently close to that of the 
round metric is the conformal infinity of an Einstein metric close to the hyperbolic 
metric. 
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1. INTRODUCTION 



In recent years, interest in asymptotically hyperbolic Einstein metrics has 
risen dramatically, in no small part because of the role they play in physics. 
In fact, the notion of conformal infinity for a (pseudo-) Riemannian metric was 
originally introduced by Roger Penrose 51_ in order to analyze the behavior of 
gravitational energy in asymptotically flat space-times. More recently, asymp- 
totically hyperbolic Einstein metrics have begun to play a central role in the 
"AdS/CFT correspondence" of quantum field theory. This is not the place for 
a complete survey of the relevant literature, but let me just refer the reader to 

|ii 1^ iTii [im imimEUi 15m isTiis^iTTii^iimismis^ 1^15^1 . 

The principal purpose of this monograph is to give an elementary and self- 
contained account of the following generalization of the perturbation result of |29j . 
First, a couple of definitions: The Lichnerowicz Laplacian (cf. |13) ) is the operator 
Al defined on symmetric 2-tensors by Al = V* V -I- 2Rc—2Rm, where Rc and Rm 
are the natural actions of the Ricci and Riemann curvature tensors on symmetric 
2-tensors given in coordinates by 

Rc{u)ij = ^{R^kUj^ + RjkUl''), ^ ^ 

H (1.1) 

Rm{u),j = Rtkjiu"'. 

For any conformal class of Riemannian metrics on dM, the Yamabe invariant is 
defined as the infimum of the total scalar curvature Jqj^j 5g dVg over unit- volume 
metrics g in the conformal class. 

Theorem A. Let M be ttie interior of a smooth, compact, {n + 1)- dimensional 
manifold-with-boundary M , n > 3, and let h be an Einstein metric on M that is 
conformally compact of class C'"'^ with 2 < I < n — 1 and < (3 < 1. Let p be 
a smooth defining function for dM, and let h = p'^h\gM- Suppose the operator 
Al + 2n associated with h has trivial L^ kernel on the space of trace-free symmetric 
2-tensors. Then there is a constant e > such that for any C^'^ Riemannian metric 
g on dM with \\g — h\\(ji.!3 < s, there exists an Einstein metric g on M that has [g] 
as conformal infinity and is conformally compact of class C'''^ . In particular, this 
is the case if either of the following hypotheses is satisfied: 

(a) h has nonpositive sectional curvature. 

(b) The Yamabe invariant of [h] is nonnegative and h has sectional curvatures 
bounded above by (n^ — 8n)/(8n — 8). 

An important feature of this result is that the conformal compactification of 
the Einstein metric has optimal Holder regularity up to the boundary (in terms of 
standard Holder spaces on M), at least when n is even. The work of Fefferman 
and Graham showed that generically for n even there will be a p" log p term in 
the asymptotic expansion oi'g ii g = p~^g is Einstein; thus we cannot expect to 
find Einstein metrics with C" conformal compactifications in general. If h has a 
sufficiently smooth conformal compactification and g is close to h with sufficiently 
many derivatives, then Theorem ^ gives an Einstein metric that is conformally 
compact of class (7""^''^ for any < /3 < 1, which is the best Holder regularity that 
can be expected when n is even. The results of |21| show that any Einstein metric 
with smooth conformal infinity and conformal compactification actually has an 
infinite-order asymptotic expansion in powers of p and log p, and in fact is smooth 
when n is odd. 
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A version of Theorem (but with less boundary regularity of the resulting 
Einstein metrics) was also proved independently by Olivier Biquard |15j around 
the same time as this monograph was originally completed. In addition, analogous 
perturbation results starting with Kahler-Einstein metrics on bounded domains 
have been proved independently by Biquard jl5| and John Roth j54| . and for 
Einstein metrics asymptotic to the quaternionic and octonionic hyperbolic metrics 
by Biquard |15j . See below for more on this. See also 3 , 4 for some recent results 
by Michael Anderson on existence and uniqueness of asymptotically hyperbolic 
Einstein metrics on 4-manifolds, and |22L 124 ' for results by Erwann Delay and 
Marc Herzlich on the related problem of prescribing the Ricci curvatures of metrics 
close to the Einstein models. 

The basic approach in this monograph is similar to that of 29 . Because the 
Einstein equation is invariant under the full diffcomorphism group of M, it is not 
elliptic as it stands. We obtain an elliptic equation by adding a gauge-breaking 
term: Fixing a conformally compact "reference metric" go^ let A.ggg(ld) denote the 
harmonic map Laplacian of the identity map, considered as a map from (A/, g) to 
{M,gQ), and let Sg be the divergence operator associated with g. Then, as is by 
now familiar, the nonlinear equation 

Q{g,go) ■.= Rcg+ng~6*giAgg,{ld))=0 (1.2) 

is elliptic as a function of g. Under relatively mild assumptions on g (see |29l 
Lemma 2.2]), the solutions to 1)1. 2|l are exactly those Einstein metrics g such that 
Aggn (Id) = 0, i.e., such that Id: {M,g) (A/, go) is harmonic. 

The linearization of the left-hand side of 1)1.2(1 with respect to g at a conformally 
compact Einstein metric h is 

= 5(^L + 2n), (1.3) 

where Al is the Lichncrowicz Laplacian defined above. In |29) . we proved that 
when h is the hyperbolic metric on the unit ball B"+^, Al -|- 2n is an isomorphism 
between certain weighted Holder spaces. However, our methods in that paper were 
insufficient to prove a sharp isomorphism theorem, with the consequence that our 
boundary regularity results were not optimal, so even in the case of hyperbolic 
space Theorem is an improvement on the results of |29| . 

Much of this monograph is devoted to an elementary proof of some general 
sharp Fredholm and isomorphism theorems for self-adjoint geometric linear elliptic 
operators on asymptotically hyperbolic manifolds. These operators are, in partic- 
ular, uniformly degenerate, in the terminology introduced in j29j (with perhaps 
less smoothness of the coefficients than we insisted on there) : A partial differential 
operator P on a manifold with boundary is said to be uniformly degenerate if in 
local coordinates {9^, . . . ,0",p) such that p = defines the boundary, P can be 
written locally as a a system of partial differential operators that are polynomials 
in the vector fields {pd/d9^, . . . , pd/d9^ , pd/dp) with coefficients that are at least 
continuous up to the boundary. 

To get an idea of what can be expected, consider a simple example: the scalar 
Laplacian A = d*d on functions. When applied to a function of p alone, this 
becomes an ordinary differential operator with a regular singular point at p ~ 
0. From classical ODE theory, we know that a second-order ordinary differential 
operator L with a regular singular point at has two characteristic exponents si and 
S2, defined by L{p'^^) — 0(p'*'+^); if si 7^ S2, the homogeneous equation Lu — 
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has two independent solutions ui,W2 with m = 0{p'''), and the inhomogeneous 
equation Lu = f = 0{p^) can be solved with u = O^p") whenever s is not a 
characteristic exponent. 

To see how this generalizes to systems of partial differential operators, let 
P : C°°{M;E) — > C°° {AI; F) be a uniformly degenerate operator of order m act- 
ing between (real or complex) tensor bundles E and F, and let s be any complex 
number. Define the indicial map Is{P) : E\qm — > F\dM by setting 

IsiP)u:=p~'P{p'u)\0M, 

where u is any C"* section of E\dM, extended arbitrarily to a C" section of E 
near DM. It follows easily from the definition of uniformly degenerate operators 
that Is{P) is a (pointwise) bundle endomorphism whose coefficients in any local 
coordinates are polynomials in s with continuous coefficients depending on G 
dM. (In the special case of a single ODE with a regular singular point, Is{P) is 
just multiplication by a number depending polynomially on s, called the indicial 
polynomial of the ODE.) We say a number s is a characteristic exponent for P if 
Is{P) is singular somewhere on dM. Just as in the ODE case, one can construct 
formal series solutions to Pu = / in which the characteristic exponents correspond 
to powers of p whose coefficients are arbitrary. 

Now consider a formally self-adjoint operator acting on sections of a tensor 
bundle E of type (^^) (i.e., covariant rank ri and contravariant rank r2). In this 
case, the difference r = ri — r2, which we call the weight of E, is of central impor- 
tance, and the exponent n/2 — r plays a special role. If u is a section of E that 
is continuous up to the boundary, then p"^'^~'^u is just on the borderline of being 
in (see Lemma l3.2lj^ '). If P is formally self-adjoint, the set of characteristic 
exponents turns out to be symmetric about the line Res = n/2 — r (Corollary 
14.5(1 . Therefore, we define the indicial radius of P to be the smallest real num- 
ber R > such that P has a characteristic exponent whose real part is equal to 
n/2 — r + R. A little experimentation leads one to expect that Pu = f should 
be well-posed roughly when u and / behave like p^u, where u is continuous up to 
the boundary and n/2 — r — R < s < n/2 — r + R, because for lower values of 
s one expects P to have an infinite-dimensional kernel, and for higher values one 
expects an infinite-dimensional cokernel. (This will be made precise in Chapter 0) 
Therefore, a fundamental necessary condition for all of our Fredholm results will 
be that P has positive indicial radius. 

To control the order of vanishing or singularity of u and / at the boundary, we 
work in weighted Sobolev and Holder spaces, with weights given by powers of the 
defining function p. Precise definitions are given in Chapter 13 but the spaces we 
work in can be roughly defined as follows: The weighted Sobolev space Hg'^ is just 
the space of tensor fields of the form p^u for u in the usual intrinsic Sobolev space 
H'^'P (tensor fields with k covariant derivatives in with respect to g); and the 
weighted Holder space C^'" consists of tensor fields of the form p^u for u in the 
usual Holder space C'^'". In each case, the Sobolev and Holder norms are defined 
with respect to a fixed conformally compact metric on M. 

An elementary criterion for operators to be Fredholm on is given in the 
following proposition. Terms used in the statements of these results will be defined 
in Chapters 13 and 01 
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Proposition B. Let {M,g) be a connected asymptotically hyperbolic {n + 1)- 
manifold of class C^'^ , with n > 1, I > 2, and < /? < 1, and let E — )■ M be 
a geometric tensor bundle over M. Suppose P: C°°{M; E) — > C°°{M;E) is an 
elliptic, formally self-adjoint, geometric partial differential operator of order m, 
< m < I. As an unbounded operator, P: L'^(M;E) — > L'^(M;E) is Fredholm if 
and only if there exist a compact set K <Z M and a positive constant C such that 

\\u\\l^ < C\\Pu\\l2 for all u e C^{M \ K;E). (1.4) 

The main analytic result we need for TheoreniElis the following sharp Fredholm 
theorem in weighted Sobolev and Holder spaces for geometric elliptic operators. 
(See below for references to other proofs of these and similar results using different 
approaches.) 

Theorem C. Let {M,g) be a connected asymptotically hyperbolic {n + 1)- 
manifold of class C^'^ , with n > 1, I > 2, and < f3 < 1, and let E M be 
a geometric tensor bundle over M. Suppose P: C°°{AI; E) —^ C°°{M;E) is an 
elliptic, formally self-adjoint, geometric partial differential operator of order m, 
< m < I, and assume P satisfies ()1.4|) . 

(a) The indicial radius R of P is positive. 

(b) If 1 < p < oo and m < k < I, the natural extension 

P: HfP{M-E) ^ H^-"'-P{M;E) 

is Fredholm if and only if \5 + n/p — n/2\ < R. In that case, its index is 
zero, and its kernel is equal to the L^ kernel of P. 

(c) // < a < 1 and m<k-\-a<l + P, the natural extension 

P: Cg-''{M;E) ^ Cs'"'^"{M; E) 

is Fredholm if and only if \d — n/2\ < R. In that case, its index is zero, 
and its kernel is equal to the L^ kernel of P. 

The statement and proof of this theorem extend easily to operators on spinor 
bundles when M is a spin manifold. We restrict attention here to the case of tensor 
bundles mainly for simplicity of exposition. 

We define a Laplace operator to be a formally self-adjoint second-order geomet- 
ric operator of the form V*V -f- J?^, where ^ is a bundle endomorphism. Of course, 
the ordinary Laplacian on functions and the covariant Laplacian on tensor fields 
are obvious examples of Laplace operators, as are the Lichnerowicz Laplacian Al 
defined above, and the Laplace-Beltrami operator on differential forms by virtue of 
Bochner's formula. 

The most important example to which we will apply these results is the Lich- 
nerowicz Laplacian on symmetric 2-tensors. 

Proposition D. //c G R, the operator Al +c acting on symmetric 2-tensors 
satisfies the hypotheses of Theorem\^ if and only if c > 2n — in which case 

the indicial radius of Al -\- c is 

R=^--2n + c. 
The essential L^ spectrum of Al is [n^/4 — 2n, oo). 
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(This characterization of the essential spectrum of Al has also been proved by 
E. Delay in j23| . using some of the ideas from an earlier draft of this monograph.) 

Another example is the covariant Laplacian on trace-free symmetric tensors of 
any rank. 

Proposition E. //c G R, the operator V*V + c acting on trace-free covariant 
symmetric r-tensors satisfies the hypotheses of Theorem\^if and only if c > — r — 
in which case the indicial radius of'V*'V + c is 



R=^-+r + c. 
The essential spectrum of'V*'V is + oo). 

Also, for completeness, we point out the following result, originally proved in 
the case by Rafe Mazzeo (cf. |39l liol 17]). 

Proposition F. The Laplace- Beltrami operator acting on q-forms satisfies the 
hypotheses of Theorem\^in the following cases: 

(a) When <q < n/2, with R^n/2- q. 

(b) When n/2 + l< q <n + l, with R = q-n/2-l. 
In each case, the essential spectrum of A is [R'^,oo). 

Finally, we describe one significant non-Laplace operator to which Theorem 
O applies. The conformal Killing operator is the operator L: C°°{M;TM) 
C°°{M; Sq^/) (where Y,qM is the bundle of trace-free symmetric 2-tensors) defined 
by letting LV be the trace-free part of the symmetrized covariant derivative of V 
(see Chapter [71 for details). A vector field V satisfies LV = if and only if the flow 
of V preserves the conformal class of g. The operator L*L, sometimes called the 
vector Laplacian, plays an important role in the conformal approach to constructing 
initial data for the Einstein field equations of general relativity; see (H| 1331 !49! ■ 

Proposition G. The vector Laplacian L*L satisfies the hypotheses of Theorem 
□ with R = n/2 + 1. 

Most of the analytic results in Theorem O and Propositions IDHUl are not really 
new. The systematic treatment of elliptic uniformly degenerate operators dates 
back to the work of Mazzeo, building on earlier work of Richard Melrose and others 
|44L 1451 142, 39, 4C)j, and TheoremlUlcan also be derived from Mazzeo's microlocal 
"edge calculus" (cf. |41l Theorem 6.1]). Also, L^-Fredholm criteria for a general 
class of operators including the ones considered here have been obtained by Robert 
Lauter, Bertrand Monthubert, and Victor Nistor |36l Thm. 4], using the theory of 
pseudodifferential operators on groupoids. For many purposes in geometric anal- 
ysis, however, it is useful to have a more "low-tech" approach that does not use 
pseudodifferential operators. An elementary approach to uniformly degenerate op- 
erators based on a priori estimates has been used by Graham and Lee |29) . Lars 
Andersson and Piotr Chrusciel [7J |5|, Johan Rade \5'6\ . and Michael Anderson 

The exposition I present here is based on this low-tech approach, and consists 
of three main ingredients: sharp a priori L^ estimates, a decay estimate for the 
hyperbolic Green kernel using the spherical symmetry of the ball model, and a 
technique due to Rade j53| for piecing together a parametrix out of this model 
Green kernel. One advantage of this approach is that it deals quite naturally with 
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operators whose coefficients are not smootli up to tfie boundary, a feature tliat is 
crucial for tlie application to Einstein metrics, because the metrics around which we 
linearize generally have only finite boundary regularity. It is worth noting that for 
many Laplace operators, the Green kernel estimates are needed only for extending 
the sharp Fredholm results to Holder and spaces; sharp Fredholm results in 
weighted spaces can be obtained by a much more elementary proof based solely 
on a priori estimates. See Chapter [3 for details. 

The main new results in this monograph arc the Bochner-type formula (|7.7|) for 
Laplacians on tensor- valued differential forms, which yields a completely elemen- 
tary proof of sharp Fredholm theorems in weighted spaces and the identification 
of the essential spectrum (Chapter d); new sufficient curvature conditions for the 
invertibility of the Lichnerowicz Laplacian (part (0 of Theorem ^ ; and the con- 
struction of Einstein metrics in the optimal C'^^^^P Holder class up to the boundary 
when the conformal infinity is sufhciently smooth. 

Theorem O can be viewed as complementary to the regularity results of An- 
dersson and Chrusciel; in particular, for an operator of the type considered here. 
Proposition 16.51 below can be used to obtain sharp "regularity intervals" in the 
sense defined in 8 , and then the results of [S] can be used to derive asymptotic 
expansions for solutions to equations of the form Pu = f when / and the metric 
are sufficiently smooth. We leave it to the interested reader to work out the details. 
See |21| for example, where these ideas play a central role in the proof of boundary 
regularity for asymptotically hyperbolic Einstein metrics. Similar results can also 
be obtained using the edge calculus of |41j . 

The assumption of a weak a priori estimate ()1.4|l near the boundary is 
used primarily to rule out kernel of the model operator on hyperbolic space. 
For almost all the examples treated here, this hypothesis is equivalent to positive 
indicial radius (see Propositions IdI IeI IfI and ITU above). However, it is possible 
for 1)1. 4|1 to fail even when the indicial radius is positive — an example is given by 
the Laplace-Beltrami operator on differential forms of degree /c on a manifold of 
dimension 2k, which is not Fredholm despite the fact that its indicial radius is 1/2 
(see |39L I40| and Lcmma lTl^ below) . Thanks are due to Robin Graham for pointing 
out the significance of this example. 

A word about the history of this monograph is in order. The result of Theorem 
IXIwas originally announced in preliminary form at an AMS meeting in 1991. Shortly 
after that meeting, I discovered a gap in the proof, and stopped work on the paper 
until I found a way to bridge the gap, sometime around 1998. By that time, 
administrative responsibilities kept me away from writing until early 2001. The 
first complete version of this monograph was posted on www . arxiv . org in May 
2001; the present version is a minor modification of that one. 

After this monograph was nearly finished, the beautiful monograph jl5j by 
Olivier Biquard came to my attention. There is substantial overlap between the 
results of |15| and this monograph — in particular, Biquard proves a perturbation 
result for Einstein metrics similar to Theorem ^ as well as many of the results of 
Theorem ICl in the special case of Laplace operators, using methods very similar to 
those used here. (He also proves much more, extending many of the same results to 
Einstein metrics that are asymptotic to the complex, quaternionic, and octonionic 
hyperbolic metrics.) On the other hand, many of the results of this monograph are 
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stronger than those of (15i , notably the curvature assumptions of in Theorem 
and the boundary regularity of the resulting Einstein metrics. 

In Chapter [3 of this monograph, we give the main definitions, and describe 
special "Mobius coordinate charts" on an asymptotically hyperbolic manifold that 
relate the geometry to that of hyperbolic space. In Chapter 13 we introduce our 
weighted Sobolev and Holder spaces and prove some of their basic properties, and 
in Chapter^lwe prove some basic mapping properties of geometric elliptic operators 
on these spaces. The core of the analysis begins in Chapter [S] where we undertake 
a detailed study of the Green kernels for elliptic geometric operators on hyperbolic 
space. This is then applied in Chapter|Hlto construct a parametrix for an arbitrary 
operator satisfying the hypotheses of Theorem El Using this analysis, we prove 
Theorem ICl and Proposition El In Chapter El we explore how these results apply 
in detail to Laplace operators, and prove Propositions ^ |e1 |f1 and O Finally, 
in Chapter |S1 we construct asymptotic solutions to H1.2|l using a delicate procedure 
that does not lose any boundary regularity, and use these together with Theorem 
10 to prove Theorem El 

Among the many people to whom I am indebted for inspiration and good ideas 
while this work was in progress, I would particularly like to express my thanks to 
Lars Andersson, Piotr Chrusciel, Robin Graham, Jim Isenberg, Rafe Mazzeo, Dan 
Pollack, and John Roth. I also would like to apologize to them and to all who 
expressed interest in this work for the long delay between the first announcement 
of these results and the appearance of this monograph. Finally, I am indebted to 
the referee for a number of useful suggestions. 
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Mobius Coordinates 

Let M be a smooth, compact, {n + l)-dimensional manifold-with-boundary, 
n > 1, and M its interior. A defining function will mean a fmiction p: M — > M 
of class at least that is positive in M, vanishes on dAI, and has nonvanishing 
differential everywhere on dM. We choose a fixed smooth defining function p once 
and for all. For any e > 0, let C M denote the open subset where < p < e. 

A Riemannian metric g on M is said to be conformally compact of class C^'^ 
for a nonnegative integer / and < /3 < 1 if for any smooth defining function 
p, the conformally rescaled metric p^g has a C^'^ extension, denoted by 5, to a 
positive definite tensor field on M . For such a metric the induced boundary 
metric g := fflT^g^/ is a C'''^ Riemannian metric on dM whose conformal class [5] 
is independent of the choice of smooth defining function p; this conformal class is 
called the conformal infinity of g. 

Throughout this monograph, we will use the Einstein summation convention, 
with Roman indices i, j, fc, . . . running from 1 to n + 1 and Greek indices a, 7, . . . 
running from \ to n. We indicate components of covariant derivatives of a tensor 
field by indices preceded by a semicolon, as in Uij-ki- In component calculations, 
we will always assume that a fixed conformally compact metric g has been chosen, 
and all covariant derivatives and index raising and lowering operations will be un- 
derstood to be with respect to g unless otherwise specified, except that 5'-' denotes 
the inverse of the metric g = p^g, not its raised-index version. Our convention for 
the components of the curvature tensor is chosen so that the Ricci tensor is given 
by the contraction Rik — Rijk'' ■ 

An important fact about conformally compact metrics is that their local ge- 
ometry near the boundary looks asymptotically very much like that of hyperbolic 
space. Mazzeo |39L I40| showed, for example, that if g is conformally compact of 
class at least C^'°, then g is complete and has sectional curvatures uniformly ap- 
proaching — |dp|| near dM. Thus, if g is conformally compact of class C'''' with 

/ > 2, and |dp|l = 1 on dM, we say g is asymptotically hyperbolic of class C . 

In fact, the relationship with hyperbolic space can be made even more explicit 
by constructing special coordinate charts near the boundary. Throughout the rest 
of this chapter, we assume given a fixed metric g on M that is asymptotically 
hyperbolic of class C'''^, with / > 2 and < /3 < 1. Let g = p^g, a C'''^ metric on 
M, and let g denote the restriction of g to TdM. 

We begin by choosing a covering of a neighborhood of dM in M by finitely 
many smooth coordinate charts (Jl, Q), where each coordinate map O is of the form 
Q ~ {0, p) ~ {9^ , . . . ,9^ , p) and extends to a neighborhood of f2 in M. In keeping 
with our index convention, we will sometimes denote p by 9"~^^, and a symbol with 
a Roman index such as 0* can refer to any of the coordinates 6*^, . . . , 6*", p. 



9 



10 



2. MOBIUS COORDINATES 



We fix once and for all finitely many such charts covering a neighborhood W 
of dM in M. Wc> will c;all any of these charts "background coordinates" for M. By 
compactness, there is a positive number c such that C W ^ and such that every 
point p € Ac is contained in a background coordinate chart containing a set of the 
form 

{(^,p):|^-%)|<c,0<p<c}. (2.1) 

We will use two models of hyperbolic space, depending on context. In the upper 
half-space model, we regard hyperbolic space as the open upper half-space HI = 
jjra-M (- ign-M^ with coordinates {x,y) ~ (x^, . . . , x", y), and with the hyperbolic 
metric g given in coordinates by ^ = y^^ Sil*^^*)^- above, can denote any of 
the coordinates x^, . . . , x", x"+^ = y.) The other model is the Poincare ball model, 
in which we regard hyperbolic space as the open unit ball B = B"+^ C M"+^, with 
coordinates (^^, . . . , ^""''^), and with the hyperbolic metric (still denoted by g) given 
by ^ = 4(1 — |^|)~^ where |^| denotes the Euchdean norm. 

In this chapter, we will work exclusively with the upper half-space model. For 
any r > 0, we let Br- C H denote the hyperbolic geodesic ball of radius r about the 
point (x,y) = (0, 1): 

= {(x,y)GH:d5((x,y),(0,l))<r}. 

It is easy to check by direct computation that 

-Br C {(x,y) : |x| < sinhr, e^*" <y < e^}, 

where |x| denotes the Euclidean norm of x G R". 

If Po is any point in A^/g, choose such a background chart containing po, and 
define a map : B2 — > M, called a Mobius chart centered at po, by 

{6, p) = (x, y) = {60 + pox, pov), 

where {0o, po) are the background coordinates of po- (It is more convenient in this 
context to consider a "chart" to be a mapping from H C IR."+^ into M, rather than 
from M to ]R"+^ as is more common.) Because po < c/8 and < 8, maps 
B2 diffeomorphically onto a neighborhood of po in Ac- In these coordinates, po 
corresponds to the point {x,y) = (0, 1) e H. For each < r < 2, let Vr{po) C Ac 
be the neighborhood of po defined by 

Vr{po)^%o{Br). 

We also choose finitely many smooth coordinate charts $j : i?2 M such that 
the sets {$i(Si)} cover a neighborhood of M \ A^/s, and such that each chart $i 
extends smoothly to a neighborhood of B2 ■ For consistency, we will also call these 
"Mobius charts." 

The following lemma shows that the geometry of (M, g) is uniformly bounded 
in Mobius charts. 

Lemma 2.1. There exists a constant C > such that if : B2 ^ M is any 
Mobius chart, 

\\Ko9-9\y^^{B,)<C, (2.2) 
snp\{%^g)-'g\<C. (2.3) 
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(The Holder and sup norms in this estimate are the usual norms applied to the 
components of a tensor in coordinates; since B2 is compact, these are equivalent 
to the intrinsic Holder and sup norms on tensors with respect to the hyperbolic 
metric.) 

Proof. The estimate is immediate for the finitely many charts covering the 
interior of M, so we need only consider Mobius charts near the boundary. In 
background coordinates, g can be written 

Pulling back to H, we obtain 

%o9 ^ 3 = (Poyy^Viji^o + Pox, poy)d{pQx') d{pox^) - y~^5ijdx' dx^ 

= y^^iVtji^o + Pox.pay) - Sij)dx'dx^. 

Since y and Sij are smooth functions bounded above and below together with all 
derivatives on ,62 , it suffices to estimate ^^^(flo+Poa^, Po2/)- Our choice of background 
coordinates ensures that the eigenvalues of g^j are uniformly bounded above and 
below by a global constant. Uniform estimates on the derivatives of ^p^g follow 
from the fact that 

a,., • • • (<I>;j)., = p'^^.idg., ■ ■ ■ de.^g,^). 

Finally, an easy computation yields uniform Holder estimates for the Zth derivatives 
of ^p^g- (See Lemma f6. II below for a sharper estimate.) □ 

The next lemma is a version of the well-known Whitney covering lemma 
adapted to the present situation. 

Lemma 2.2. There exists a countable collection of points {pi} C M and cor- 
responding Mobius charts = ^p- : B2 — > V2{pi) C AI such that the sets {Vi{pi)} 
cover M and the sets {V2{pi)} are uniformly locally finite: There exists an integer 
N such that for each i, V2{pi) has nontrivial intersection with V2{pj) for at most 
N values of j. 

Proof. We only need to show that there exist points {pi} C A^/s such that 
{Vi{pi)} cover A^/s and {V2{pi)} are uniformly locally finite, for then we can choose 
finitely many additional charts for the interior without disturbing the uniform local 
finiteness. 

By the preceding lemma, there are positive numbers rg < ri such that each 
set Vi{p) contains the g-geodesic ball of radius rg about p, and each set V2{p) is 
contained in the geodesic ball of radius ri. Let {pi} be any maximal collection of 
points in A^/s such that the open geodesic balls {Br„/2{Pi)} are disjoint. (Such 
a maximal collection exists by an easy application of Zorn's lemma.) If p is any 
point in ^c/8j by the maximality of the set {pi}, 5^.^/2 (p) must intersect at least 
one of the balls i?ro/2(Pi) nontrivially, which implies that p e Br^iPi) C Vi{pi) 
by the triangle inequality. Therefore the sets {Vi{pi)} cover A^/s- To bound the 
number of sets {V2{pi)} that can intersect, it suffices to bound the number of 
geodesic balls of radius ri around points pi that can intersect. Let i be arbitrary 
and suppose Br^ipj) n Br^{pi) 7^ for some j. By the triangle inequality again, 
Bro/2{Pj) C -B2ri+ro/2(Pi)- Sincc M has bounded sectional curvature, standard 
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volume comparison theorems (see, for example, |19l Theorems 3.7 and 3.9] yield 
uniform volume estimates 

V0l(i?,„/2fe)) > Ci, V0l(B2.,+.„/2fe)) < C2. 

Since the sets B^g/2{Pj) are disjoint for different values of j, there can be at most 
C2/C1 such points pj. □ 



CHAPTER 3 



Function Spaces 

In this chapter, we wiU define weighted Sobolev and Holder spaces of tensor 
fields that are well adapted to the geometry of asymptotically hyperbolic manifolds. 
Similar spaces have been defined by other authors; for some examples, see |5l 13 

Throughout this chapter, we assume M is a connected smooth (7i + l)-manifold, 
5 is a metric on M that is asymptotically hyperbolic of class C'^'^, with I > 2 and 
< /3 < 1, and p is a fixed smooth defining function for DM. (It is easy to verify 
that choosing another smooth defining function will replace the norms we define 
below by equivalent ones, and will leave the function spaces unchanged.) 

A geometric tensor bundle over M is a subbundle E of some tensor bundle 
T^^M (tensors of covariant rank ri and contravariant rank r2) associated to a direct 
summand (not necessarily irreducible) of the standard representation of 0(n + 1) 
(or SO(n + 1) if M is oriented) on tensors of type (^^) over We will also 

use the same symbol E to denote the restriction of this bundle to M . We define 
the weight of such a bundle E C T^^ M to be r = ri — r2 ■ The significance of this 
definition lies in the way tensor norms scale conformally: With g = p^g, an easy 
computation shows that 

\T\,^p^\Ty foraUTeT;^ 

We begin by defining Holder spaces of functions and tensor fields that are 
continuous up to the boundary. For < a < 1 and k a nonnegative integer, we 
let C|^p"(M) denote the usual Banach space of functions on M with k derivatives 
that are Holder continuous of degree a up to the boundary in each background 
coordinate chart, with the obvious norm. (When a = 0, this is just the usual space 
of functions that are k times continuously differentiable on M.) If s is a real number 
such that < s < fc + a, we define a subspace C^'^j"(M) C C^^^'^{M) by 

cf;)"(M) ^{ue Cl^m : u = 0{p^)}. 
The next lemma gives some elementary properties of these spaces. 

Lemma 3.1. Suppose < a < 1 and < s < fc + a. 

(a) Cf;;^(M) = {u e C^^(M) : d^u/dp%M = OforO<i<s}. 

(b) C^'^j"(M) is a closed subspace of C^^'^{M). 

(c) If j is a positive integer andj~l < s < j < k, then C^'J^{M) — C^^"{M). 

(d) Ifk<s<k + a, then C^;^(M) = C^'l^^(M). 

(e) Ifue C^^^iM) for s>l, then any background coordinate derivative diU 
is in C,''^l\\"(M). 
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(f) If 6 is a positive real number such that s + 5 < k + a, then C^^^ (M) C 

(g) If j is an integer such that < j < s, then p^-' Cj- (M) C Cf^^Jj" (M). 

Proof. All of these claims are local, so we fix one background coordinate chart 
(9, p) and do all of our computations there. Let m be any nonnegative integer 
less than or equal to k. Applying the one-variable version of Taylor's formula to 
u G C^^^{M), we obtain 

«(^'^)- E t/w^'^'^^¥^^'^L ^'~'r-^9^io,tp)dt. (3.1) 

The integral above is easily shown to define a function of {6, p) that is in C^q-^™'"' up 
to the boundary and agrees with d^^u/dp™ on dM; therefore the last term in H3.1(l 
is 0{p"^) in general, and if a > 0, it is 0{p™'^°') if and only if d^^u/dp™ vanishes 
on dM. Part @ follows easily from this, and ||b)|, 0, (|d)|, and follow from @. 
Part is an immediate consequence of the definition, and follows by setting 
rn = J in H3.1|l and multiplying through by p~^ . □ 

Because of part (jbj of this lemma, we can consider C|y"(M) as a Banach space 

with the norm inherited from C^'^^"(il/). 

If is a geometric tensor bundle over Af , we extend this definition to spaces of 
tensor fields by letting C^;"(M; E) be the space of tensor fields whose components 

in each background coordinate chart are in C^'J^{M). All the claims of Lemma mi 
extend immediately to tensor fields. 

Next we define some spaces of tensor fields over the interior manifold M asso- 
ciated with the asymptotically hyperbolic metric g. Let us start with the Sobolev 
spaces, for which the definitions are a bit simpler. First, for 1 < p < oo and k a 
nonnegative integer less than or equal to I, we define H^'P(M; E) to be the usual 
(intrinsic) Sobolev space determined by the metric g: That is, H'''P{M; E) is the 
Banach space of all locally integrable sections u oi E such that V^u (interpreted in 
the distribution sense) is in LP{M\ E (g) T^M) for < j < k, with the norm 

ii"iu,P = fE / ivVrfK,) 

(Here dVg is the Riemannian density.) In the special case of II^''^{M; E) = 
L'^{M; E), we will denote the norm |j • ||o,2 and its associated inner product simply 
by II • II and (•,•), respectively. (We reserve the notations | • \g and (•, •)g for the 
pointwise norm and inner product on tensors.) 

For each real number S, we define the weighted Sobolev space IIg'^{M] E) by 

HfP{M- E) := p^H^'P{M- E) = {p^u : u £ H^^p[M: E)) 

with norm 

||u||fe,p,5 ||p"'''"|U,p- 
These are easily seen to be Banach spaces, and Hg'(M;E) is a Hilbert space. 
Note that Holder's inequality imphes that when l/p+ 1/p* — 1, H^^ {M;E) is 
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naturally isomorphic to the dual space of Hg'^{M; E) under the pairing (it, v) = 

Jj^{u,v)gdVg. 

The following lemma is elementary but often useful. 

Lemma 3.2. Let {M,g) be a conformally compact (n + 1) -manifold, let p be 
a defining function for M, and let u be a continuous section of a natural tensor 
bundle E of weight r on M. 

(a) // \u\g < C p'^ with s real and greater than S + n/p, then u € Hg'^{M; E). 

(b) If \u\g > Cp'^ > on the complement of a compact set, with s € M. and 
s<S + n/p, then u i ir°'^(M; E). 

(c) If u = p"!!, where s G C and u is continuous on M and does not vanish 
identically on DM, thenu € H^'^{M;E) if and only ifRes > S + n/p — r. 

Proof. Let Ij = p^g, which is a continuous Riemannian metric on M . The 
lemma follows from the easily- verified facts that \p''u\g = dVg = 

p~"~^dVg, and dVg < oo if and only if Res > n. □ 

Next we turn to the weighted Holder spaces. To define Holder norms for tensor 

fields on a manifold, one is always faced with the problem of comparing values 
of a tensor field at nearby points in order to make sense of quotients of the form 
\u{x) — u{y)\/d{x,y)". There are various intrinsic ways to do this, such as parallel 
translating u{x) along a geodesic from x to y, or comparing the components of 
u{x) and u{y) in Riemannian normal coordinates centered at x; on a noncompact 
manifold, these can yield different spaces depending on the behavior of the metric 
near infinity. We will adopt a definition in terms of the Mobius coordinates con- 
structed above which, though not obviously intrinsic to the geometry of (M, g) , has 
the advantage that estimates for elliptic operators in these norms follow very easily 
from standard local elliptic estimates in Mobius coordinates. 

Let a be a real number such that < a < 1 , and let fc be a nonnegative integer 
such that k + a < l + jS. For any tensor field u with locally C'''" coefficients, define 
the norm ||u||fe,a by 

\\u\\k,a ■■= sup ||$*M||c^.a(s^), (3.2) 

where |l'y|lc'='°(B2) -i^^^^ ^^'^ usual Euclidean Holder norm of the components of 
V on B2 C H, and the supremum is over all Mobius charts defined on i?2- Let 
Qk,a ^j^.^ ^jjg space of sections of E for which this norm is finite. (We dis- 

tinguish notationally between the Holder and Sobolev norms as follows: A Greek 
subscript in the second position takes values in the interval [0, 1), and the notation 
||w||fe,a denotes a Holder norm; a Roman subscript takes values in (l,oo), and the 
notation |lw|lfe,p denotes a Sobolev norm. We will avoid the ambiguous cases a = 1 
and p = 1.) The corresponding weighted Holder spaces are defined for 5 G R by 

Cs'"{M;E) := p^C^'°'{M-E) = {p\:u&C^'°'{M-E)} 

with norms 

||M||fe,a,5 := ||P~*w||fe,Q;- 
If ?7 C M is a subset, the restricted norms are denoted by || • ||fe,p,5;!7 and 
II • \\k,a.S;U, and the spaces IIg'^{U; E) and Cg'°'{U; E) are the spaces of sections 
over U for which these norms are finite. When E is the trivial line bundle (i.e. 
when the tensor fields in question are just scalar functions), we omit the bundle 
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from the notation: For example, H^'P{M) is the Sobolev space of scalar functions 
on M with k covariant derivatives in L'p{M). 

It is obvious from the definitions that G C^'"(M) for every k. More impor- 
tantly, we have the following lemma. 

Lemma 3.3. IfO<j<l, then e C[^^-''^ {M;T^ M). 

Proof. From the definition of C^'^ {M; T^M), we need to show for any Mobius 
chart that the coefficients of ^*g{p~^V^ p) are in C'~''''^(i?2), with norm 
bounded independently of pq. Since ^p^p — p{Po)y, this follows immediately 
from the coordinate expression for $;,(/0"^V-'p) = 2/"^(V<i,.^g)-'y and the fact that 
the Christoffel symbols of ^p^g in Mobius coordinates are uniformly bounded in 

We have defined the weighted spaces by multiplying the standard Sobolev and 
Holder spaces by powers of p. In many circumstances, it is more convenient to use 
an alternative characterization in terms of weighted norms of covariant derivatives 
of M, as given in the following lemma. 

Lemma 3.4. Let u be a locally integrable section of a tensor bundle E over an 
open subset U <Z M . 

(a) For 1 < p < oo and Q < k < I, u e HfP{U; E) if and only if p^^V^u G 
LP{U\ E (g) T^M) for 0<j<k, and the Hg'^ norm is equivalent to 

J2 \\p-'y'u\\o,p;u- 

0<j<k 

(h) If < a < 1 and < k + a < I + (3, u e Cs'"{U;E) if and only 
if p-^V^u e C"'°'{U;E (E)T^M) for < j < k, and the C^'" norm is 
equivalent to 

V SUp|p-Vu| + ||p-V'=u||o.a;C/ 
0<j<k ^ 

Proof. First consider part By definition, u e Hg'^{U;E) iff V^{p^^u) e 
LP{U; E (g) T^M) for < j <k. By the product rule and induction, we can write 

^^{p-'u)^p-' V C((5,z,ji,...,jp)V^u®^®...®^, (3.3) 

»+jiH 

where C{5, i, ji, . . . ,ip) is a constant, equal to 1 when i = j. Since, by the preceding 
lemma, jV-^pj/p is bounded as long as j < I, the result follows easily by induction. 

For part {BJ , the case 6 = follows by inspecting the coordinate expression for 
V^ M in Mobius coordinates, recalling that the Christoffel symbols of g are uniformly 
bounded in C'"^''^ in these coordinates. The general case follows as above from 
and the fact that V^/p G C'-J'^(f7; TW). □ 

It follows from Lemma 12.11 that the norm || • ||feo is equivalent to the usual 
intrinsic C'^ norm J2o<i<k ^^Pm I for < fc < L Moreover, if $ and are any 
Mobius charts whose images intersect, the overlap map o $ induces an isomor- 
phism on the space C^'^{U) on its domain of definition [/, with norm bounded by a 
uniform constant. Therefore, for < k + a < l+f3, it is immediate that the pullback 
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by any Mobius chart induces isomorphisms on the unweighted Holder spaces, with 
norms bounded above and below by constants independent of i. Moreover, if $i is a 
Mobius chart centered at pi, $*p = p{pi)y, which is uniformly bounded above and 
below on B2 by constant multiples of p{pi). Therefore the weighted norms scale as 
follows: for any r < 2, 

C-^p{pi)-'mu\\k.c,B. < \\uh^a,5-VApo) < Cpip^)-'\mu\\k.c.■,B.■ (3-4) 

Similarly, it follows directly from Lemma l2.1l that 

C-Vfe)"'ll*>IU-,p;i3. < \\uh.p,S;VApo) < Cp{p^)-'mu\\k,p■,B,.■ (3.5) 

The next lemma is a strengthening of this. 

Lemma 3.5. Suppose {$i = ^pA ^ uniformly locally finite cover of M by 
Mobius charts as in Lemma \2/A Then we have the following norm equivalences for 
any r with 1 < r < 2: 

C''T.P(P^y'\\^>\\w- < ll"llfe,P,^ < C^p(pO"'||*>IU,p;B., (3.6) 

i i 

C^^ SWp p{piy^\\^*u\\k,a-B^ < \\u\\k,a,5 < C SUp p(pi ) ""^ 1 1 $*U 1 1 A:,q;_B^ , (3.7) 
■i i 

Proof. If $i is a Mobius chart centered at Pi, ^*p — p{pi)y, which is uniformly 
bounded above and below by constant multiples of p{pi)- Thus if u S iJ^'^(M; E), 
(ESJ yields 

Y.p{pr'\muu,p,B. < c^ii$*(p"Miu.p;i3. 

i i 

^ '^''^\\P^^'^\\k.^p;VAp.) 

i 

< C'N\\p-^u\\k,p 
= C'N\\u\\k,p,s, 

where N is an upper bound on the number of sets V2{pi) that can intersect non- 
trivially. Conversely, if J2i PiPi)^^\\^i'^\\k,p;Br is finite, then 

\\u\\k.p.S < ^ \\P'^u\\k,p;V^(p,) 
i 

<c^||a>*(p-^)|U,p;s. 

■i 

<c'Y,p{p,r'muu^j,,B^. 

i 

The argument for the Holder case is similar but simpler, because we do not need 
the uniform local finitcncss in that case. □ 

The following results follow easily from Lcmma lX^l toeether with standard facts 
about Sobolev and Holder spaces on Br C H, so the proofs are left to the reader 

(cf. 1230). 

Lemma 3.6. Let U be any open subset of M, and let E,Ei,E2 be geometric 
tensor bundles over M . 
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(a) Ifl<p<(X),0<a<l,S,S'eR, 0<k + a<l + /3, and 1 < k' + a < 
I + [3, the pointwise tensor product induces continuous maps 

C^^'^iU; E,) X i7^;P(C/; E^) ^ H'^,fAU\ E, ® E,), 
cf'^iU; E,) X 4>(C/; E,) ^ C^'_;t,{U; E, <g> E,). 

(b) If 1 < p,p' < oo, < a < 1, and 0<k + a<l + P, we have continuous 
inclusions: 

Hf%U-E)^H^/{U-E), p>p', S+^>S' + ^; 

C^-"{U; E) ^ H^/{U; E), d>S' + ^. 

(c) (SOBOLEV embedding) // 1 < p < 00, < a < 1, 1 < fc < /, k+a < l+P, 
and (5 e M, we have continuous inclusions 

H'',^^{U-,E)^Cr{U-E), fc„!i±l>j + „, 

Hf^{U:E) ^ Hi'^^'lU-E), k-^>j- 

p p 

(d) (Rellich lemma) //1<p<oo, 0<q;<1, 0<fc</, and < j + a < 
I + (3, then the following inclusions are compact operators: 

H^'P{M; E) ^ H^'r^iM; E), k > k' , S> 6', 

Cj^''{M;E)^c(/''{M;E), j > f , S > S' . 

The following relationships between the Holder spaces on M and those on M 
will play an important role in Chapter |H1 

Lemma 3.7. Let E be a geometric tensor bundle of weight r over AI, and 
suppose 0<a<l,0<k + a<l + P, and < s < k + a. The following inclusions 
are continuous. 

(a) Cf;)"(M;i?)^C,\",(M;^). 

(b) Ct-:^_,AM;E)^Cl,;(M;E). 

Proof. We will prove @ by induction on k. Suppose fc = 0, and consider 
first the case of scalar functions, so that E is the trivial line bundle. By Lemma 
I3.1ljn^ there are only two distinct cases: s — and s — a. For s = 0, let be a 
Mobius chart and let (po, 6*0) be the background coordinates of pq. We estimate 

M 

l*po"(^' y) ^ *po'^(^'' y')\ = l"(^o + Pox, pov) - ^(6*0 + Pqx', PQy')\ 

^ ll"llcJ'(;°(M)l(/'o^'/'oy) - ipQx' , poy')]" 

< \\u\\c0^.^j^^p^\{x,y)-ix',y'T- (3-9) 

Since Pq is uniformly bounded on M, the result follows. 
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When s ~ a, we need to show that (p "u) is uniformly bounded in 
C°'"(i?2)- The Holder estimate for u in background coordinates, together with 
the fact that u vanishes on dM, shows that 

\u{9,p)\ < ||u||po^c,(p-)p" 
near dM, from which the zero-order estimate 

l$;,(p-"^)l<qi^^llco-(M) 

follows immediately. The Holder estimate is proved by noting that ^pgip^^u) = 
?;^"Pq since y^" is uniformly bounded together with all derivatives on B2, 

it suffices to show that Pq°'^*^u is uniformly bounded in C°'"(i?2)- This is proved 
as follows: 

\Po"KcM^' y) ~ Po "*po'"(^'' ^ Po "1^(6*0 + pox, poy) - u{6o + pox, poy)\ 

< Po"ll"llc^„°(M)l(Poa;,Po2/) - {pQX,pay)\°' 

Now let be a tensor bundle of type (and thus of weight r — p — q). In 
any background coordinate domain 51, basis tensors of the form d9'^^ (8) • • • (8) dO'^p (E) 
dgii 8) • ■ ■ (8 de-^ are easily seen to be uniformly bounded in Cl.'^{Q; E). Since any 

u G C'^^^{M;E) can be written locally as a linear combination of such tensors 
multiplied by functions in C|'^"(ri), the result follows from the scalar case together 
with Lemma 

Now suppose l<k + a<l + f3 and < s < fc + a, and assume claim (jSjl is 
true for C'l^°^^ (M; E) when < ko < k and < so < ko + a. If u e C'^^^(M;E), 
then \u\g = p'^\u\g = 0(p''+'') by definition, so it suffices to prove that Vu G 
C^~^-°'{M;E(g)T*M) with norm bounded by \\u\\^k,c^jj.j^y If D = V-Vdenotes 

the difference tensor between the Levi-Civita connections of g and g, a computation 
shows that D is the 3-tcnsor whose components are given in any coordinates by 

D', = -P-Hsfd,p + 5^d,p - t%,dip). (3.10) 

Working in background coordinates, we find that pDu e C(;"(M; E (g) T*M) since 
the coefficients of pD are in C[^'^(M). Since Vm G C(';i\'"(M; E®T*M) by Lemma 
I3.1lj5t . we use Lemma to conclude that 

pVu = pVw + pDu 

e pC('!r\'" (M; E(g>T*M) + C^;" (M; E®T*M) 

C C(';y^'"(M;£;(g)T*M) 

with norm bounded by a multiple of ||u||pfc,aj.-p-.^.j . Therefore, since pVit is a tensor 

field of weight r + 1, the inductive hypothesis implies that pVu G Cg_,r^^^" (M; E (g) 
T*M), which implies in turn that Vu G Cf'+^^'"(M; E O T*M) as desired. 

For part (0, we begin with the scalar case, and proceed by induction on k. Let 
fc = 0, and suppose u G C°'"(M). Given any Mobius chart : B2 V2(po), let 
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{9q,Pq) be the background coordinates of po, and let v be the function ^*{p "u) 
on B2, so that 

u{0,p) = p"viie-eo)/po,p/po)- 

The hypothesis means that v e C°'"(i?2), with norm bounded by ||u|lo,a,a- For 
{0,p) G V2{po), we estimate 

\u{9,p)\ = |P"1;((0-0O)/PO,P/PO)| <p"||"||0.a,a. (3.11) 

Since p is bounded above on M, this shows in particular that sup |u| is bounded by 
a multiple of ||u||o,Q.a- Similarly, if {9,p) and {9\p') are in ^2(^0)1 we have 

\u{9, p) - u{9', p')\ = \p<'v{{9 ^ 9o)/po, p/po) - p""v{{9' - 9o)/po, p'/po)\ 

< p'^\vii9 - 9o)/po, p/po) - v{{9' - 9o)/po, p'/po)\ 

+ {p''-pnHiO'-9o)/po,p'/po)\ 

<C||u||o,a,a|(0,p)-(0',p')r- 

To complete the k = case, it suffices to extend H3.12|l to any {9, p) and {9' , p') 
that lie in the same background chart, for then u extends continuously to the 
boundary as an element of C°^"(M). Note that the re is a real number 7 S (1,2) 
such that whenever \{9,p) — {9',p')\ < 7p, the points {9,p) and {9' , p') lie in the 
image of the same Mobius chart. We estimate as follows: 

\u{9,p)~u{9',p')\ < \u{9,p)~u{9',p)\ + \u{9',p)-u{9',p')\. (3.13) 

For the first term, the case in which |6' — 6*'! < 7p is taken care of by (|3.12l) . On the 
other hand, if 16* - 6l'| > 7p, llTTT|l gives 

\u{9,p)~u{9\p)\<\u{9,p)\ + \u{9\p)\ 

< 2p"||u||o,a,Q 

< 2j-''\\u\\o,a.J9-9'\" 

<C\\u\\o,a,a\{9,p)-{9',pT- 

To estimate the second term of (|3.13|l . let be a positive integer such that p' lies 
in the interval [7-^/9, 7^"'"^/9]. Then, since (6*', 7V) and (6'',7*+^p) lie in the image 
of a single Mobius chart, as do {9', "f^ p) and [9' , p'), H3.12(l gives 

\u{9', p') - u{9', p)\ < \u{9', p') - u{9', 7^P)| + ^ V) - u{9' , f p)\ 

i=0 

< chiio.o.. (\p' - 7^pr + E i^^^v - 7vr ) 



+ (7 - 1)>" E 

i=0 ) 

Chllca.a (|p'-7%r + (7-l)V 



%-- 

,7-^-1 



7" - 1 

<c"hiio,o,a(ip'-7%r + i7^p-pr), 

where the last inequality follows from the fact that 7"^ — 1 < (^(7^ — 1)" when 
iV > 1. Since both terms in parentheses above are bounded by |p — and thus by 
1(0, p) — (0',p')|", this completes the argument for the A; = case. (I am indebted 
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to Eric Bahuaud for pointing out a gap in an earlier version of this proof, and 
providing helpful suggestions for fixing it.) 

For k > 1, to show that u e C^^'^{M), it suffices to show that u is bounded and 

Vu e C^~^'°'(M) whenever V is a smooth vector field on M. It is straightforward 
to check that any such vector field maps C^'^^{M) into C^Zl^ai^^)- Thus if m € 
C^+ai^)^ ^^'^^ ^ ^k-i+ai^''^) ^ ^(tXj^'^i^) by induction, with norm bounded 
by ||u||fe^Q,.fe+a. Since |u| is obvious uniformly bounded by ||M||/c.Q,fc+a, it follows 
that u e C^^"(M). 

Finally, let i? be a (p tensor bundle. If u e C^k+a+ri-^'^ ' show that u G 

C|°q"(M; E) we have to show that the components of u in any background coordinate 
domain fl are in C'^^^^^l). These components are given by complete contractions 
of tensor products of u with tensors of the form 9gn (g) • • • (g) dgip (g) d9^^ (g) • • • (X) dO^" , 
each of which is in Cb/^{Q;T^M). By Lemma Ib.GljSll . these tensor products are 
in C^'_^^{il;E (g) T^M). Since complete contraction clearly maps this space into 
C^^^(ri), the result for tensor fields follows from the scalar case. □ 

Lemma 3.8. Let -0 : R"*" — > [0, 1] he a smooth function that is equal to 1 on [0, ^] 
and supported in [0,1), and set ipeil) — 0(p('z)/£) for q G M. If < a < 1 and 
0<k + a<l + l3, then e C'=^"(Af), with norm bounded independently of e. 

Proof. Working directly with the definition of C''''"(M), for any Mobius co- 
ordinate chart $p(j, we have to show that <I'*^?/'e(a;, y) = ip{p{po)y /£) is uniformly 
bounded in C'^'"(i?2)- Since < y < e^ on B2, ^p^V'c will be identically equal 
to or 1 on B unless ^ee^^ < p{po) < ee? . Under these restrictions, it is easy to 
verify that '4){p{pQ)y / e) is uniformly bounded in C'^'"(i?2)- Q 

Lemma 3.9. //I < p < 00, (5 e R, and < fc < /, the set of compactly supported 
smooth tensor fields is dense in Hg'^{M; E). 

Proof. Suppose m G iJ5 '^(Af;£'). First we show that u can be approximated 
m the iJ^ norm by compactly supported elements of Hg '^(M; E). 

Let ip^ be as in the preceding lemma. We will show that (1 — 'ijje)u — > u in 
Hg'^ as £ — > 0, which by Lemma is the same as W^{ipeu) in Hg'^ whenever 
< j < fc. By the product rule, 

i 

1=0 

Since jV^^^Vclg is bounded and supported where p < 2e, we have 

iiv-'"-Ve®vHi[;,p,, <c J \p-'v^u\pdVg. 

{P<2£} 

By Lemma lS^ \p^^W^u\P is integrable, so the integral on the right-hand side above 
goes to zero as e — > by the dominated convergence theorem. 

Next we must check that if m G Hg'^{M; E) is compactly supported in M, it 
can be approximated in the Hg'^ norm by smooth, compactly supported tensor 
fields. The classical argument involving convolution with an approximate identity 



22 



3. FUNCTION SPACES 



shows that u can be approximated in the standard Sobolev H'^'P norm on a shghtly 
larger compact set by tensor fields in C^{M; E). However, on any fixed compact 
subset of M, it is easy to see that the H^'^ norm is equivalent to the H^^p norm, 
thus completing the proof. □ 



CHAPTER 4 



Elliptic Operators 

In this chapter, we collect some basic facts regarding elliptic operators on 
asymptotically hyperbolic manifolds. Throughout this chapter we assume (M, g) is 
a connected asymptotically hyperbolic {n+ l)-manifold of class C'"'^ for some I > 2 
and < /3 < 1, and p is a fixed smooth defining function. 

Let E and F be geometric tensor bundles over M. We will say a linear partial 
differential operator P : C°" {M; E) C°°{M]F) is a geometric operator of order 
m if the components of Pu in any coordinate frame are given by linear functions of 
the components of u and their partial derivatives, whose coefficients are universal 
polynomials in the components of the metric g, their partial derivatives, and the 
function (det(7ij)~^ (or (det (7^^)"^/^ if M is oriented), such that the coefficient of 
any jth derivative of u involves at most the first m — j derivatives of the metric. 
A geometric operator is, in particular, an example of a regular natural differential 
operator in the terminology introduced by P. Stredder !55j . We note that such an 
operator is automatically invariant under (orientation-preserving) isometrics. By 
the results of |55| , P is geometric of order m if and only if Pu can be written as a 
sum of contractions of tensors of the form 

V^u (g) V'^^Rm (g) • • • V''' Rm® 

g (E) ■ ■ ■ (E) g (E) g~'^ (E) ■ ■ ■ (E) g~'^ (E) dVq (g) ■ ■ ■ (g) dVg, (4.1) 

V ' V ' V ' 

p factors q factors s factors 

(possibly after reordering indices), with < j < m and 0<ki<m — j — 2, and 
with 5 = unless M is oriented. Here Rm is the (covariant) Riemann curvature 
tensor of g, and dVg is its Riemannian volume form. 

If E and F are tensor bundles over M, a differential operator P : C°°{M; E) 
C°°{M]F) is said to be uniformly degenerate if it can be written in background 
coordinates as a system of operators that are polynomials in pd/dO^ with coefficients 
that are at least continuous up to the boundary. 

Lemma 4.1. Let {M,g) he an asymptotically hyperbolic (n + \)-manifold of 
class C''*^, < /3 < 1. Suppose E is a geometric tensor bundle over M, and 
P: C°° [M] E) — > C°°{M]E) is a geometric operator of order ni < I. Then P is 
uniformly degenerate. 

Proof. As noted above, for any section u of E, Pu can be written as a sum of 
contractions of terms like (|4.1|) . If m is covariant of degree ri and contravariant of 
degree r2 , then this tensor product has r2 + 2q upper indices and ri + j + 2p + {n + 
l)s + AI + ki lower indices. (The 41 lower indices are the undifferentiated indices 
of the / copies of Rm.) Because we are assuming that Pu is the same type of tensor 
as u, 2q of the upper indices must be contracted against j + 2p+{n + l)s + 4:l + ^ - ki 
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of the lower indices, so in particular wc must have 

2(7==j + 2p+(n + l)s + 4; + ^fc,. (4.2) 

i 

It is obvious that tensoring with g = p^g, g^^ — p^^g~^, and dVg = p^^^dVg 
are all uniformly degenerate operators. Using formula (|3.10|) for the components of 
the difference tensor D = V — V, we see that the components of pD'^j in background 
coordinates are C'''^ up to the boundary. It follows that {pWy = (pV + pD)^ is 
a uniformly degenerate operator for < j < I. Since [V,p]u = u ® dp is also 
uniformly degenerate, it follows by induction that /o^V-' is uniformly degenerate as 
well. 

A straightforward computation (cf. |40L 12 9| ) shows that the components of 
Rm are given by 

Rijki = -'\dp\l{gtkgji - 9ii9jk) + p^^pi{g,g^^.,dg) + p^'^p2{g,g^^ ,dg,d'^g), (4.3) 

where pi andp2 are universal polynomials, so p'^Rm £ C''^~^'^ {M, T'^M). Moreover, 

an easy induction shows that for k < I - 2, p-^+^\J^Rm e C\^^~^''^ (M.T^'M). It 

follows that tensoring with p'^^^'V^ Rm is a uniformly degenerate operator. By 
virtue of H4.2I) . therefore, we can rewrite H4.1II in the following manifestly uniformly 
degenerate form: 

p^V^u (g) p'^^'^^ V''! Rm (g) ■■ - (g) p'^^'" V'" Rm g) p'^g g) ■ ■ ■ (g p^g(g 

p-^g-^ g)---g> p-^g-^ g) p'^+^dVg g)---g> p'^+^dVg. (4.4) 

Since contraction of a lower index against an upper one is also uniformly degenerate, 
the result follows. □ 

If P is a uniformly degenerate operator, for each s G C we define the indicial 
map of P to be the bundle map Is{P) ■ E\gM — > E\qm defined by 

Is{P)iu) = {p-'Pip'u))\aM, 

where p is any smooth defining function, and u is extended arbitrarily to a C" 
section of in a neighborhood of dAI. It is easy to check that the indicial map of any 
uniformly degenerate operator is a continuous bundle map, which is independent 
of the extension or the choice of defining function. For geometric operators, we can 
say more. 

Lemma 4.2. Suppose {M,g) is an asymptotically hyperbolic (n + l)-manifold 
of class C^'l^, and P: C°°{M;E) C°°{M-E) is a geometric operator of order 
m < I. Then for each s £ C, Is{P) '■ E\g]\f E\qm "is a C'''^ bundle map. 

Proof. It is an immediate consequence of the definition of the indicial map 
that if Pi and P2 are uniformly degenerate operators with sufficiently smooth co- 
efficients, then 

/.(P10P2) -/.(Pl)o/,(P2), 
IsiPl+P2)=Is{Pl)+Is{P2)- 

Since a sum or composition of two C^'^ bundle maps is again of class C^'^, it suffices 
to display P as a sum of compositions of uniformly degenerate operators with C'"'^ 
indicial maps. 
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Writing P as a sum of contractions of terms of the form (|4.4(l . we see that it 
sufSces to show that each of the following uniformly degenerate operators has C'"'^ 
indicial map: 

(a) u > p^V^u; 

(b) u ^ u p^+^V^ Rm. 

(c) U I— > u (g) pg-, 

(d) u K-> u (g) p^^g^^; 

(e) p'^+^dVg. 

The last three operators above are themselves C''^ bundle maps over M, whose 
indicial maps are just their restrictions to DM, so there is nothing to prove in those 
cases. For (Q), observe that p'V^u can be written as a sum of compositions of the 
operators [p, V] and pV. Since the commutator [p. V]u = —u g) dp is a smooth 
bundle map and therefore has smooth indicial map, we need only consider the 
operator pV. Let D = V — V be the difference tensor as in the preceding proof, 
and observe that for any u £ C^^q^(M; E), 

p-^{pV{p^u)) = p-^(pV(p^") + pDip'u)) 
= su®dp + pD{u) + 0{p). 

As noted above, u ^ u ® dp \s & smooth bundle map; and it follows from 

that pD is a C''^ bundle map. Therefore the indicial map of pV is C'''^ as claimed. 

To analyze the remaining operator, p'^'^^V^ Rm, let K be the 4-tensor 

field on AI whose components are 

Kijki = -{gikgji - gii9jk), 

and let if be 

Kijki = ~{gik9ji-9zi9jk) = P^K.jki- 
Because the assumption that g is asymptotically hyperbolic means that \dp\-g = 1 
on dM, we can write \dp\g = 1 + pu, where v € C'~^"^'''(M). Using H4.3|l . therefore, 
we can write 

Rm = K + p-^ = p-'^K + p-^V, (4.5) 

where V € C'q)^''^(M, T^M). It follows that Is{u ^ p^Rm) is just tensoring 

with K\QM^ which is a C'''^ bundle map. On the other hand. Lemma F^.TIfS^ shows 
that 

Rm-K = p-W e p-^C\^^'^(M; T^M) 

C p-^C['^'^{M;T^M) = C['^'^{M;T^M). 

Because K is parallel, W'^Rm = \J^{Rm-K) e C[^'^^^'''^ (M]T^M). In particular, 
this implies that 

|^4+fcyfe^^j^|_ ^ |v'^i?m|g = 0(p), (4.6) 
so p'^'^^V^ Rm has vanishing indicial map for fc > 0. □ 

A complex number s is called a characteristic exponent of P at p G dM if Ig (P) 
is singular at p. Its multiplicity is the dimension of the kernel of Is{P)'. Ep — > 
Ep. If s is a characteristic exponent of P somewhere on dM, we just say it is a 
characteristic exponent of P. 

Let (B, g) be the unit ball model of hyperbohc space as described in Chapter|21 
let E denote the tensor bundle over B that corresponds to E (i.e., associated to the 
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same representation of 0(n + 1) or SO(n + 1)), and let P : C°°{M; E) C°°(B; E) 
be the geometric operator on E whose coordinate formula is the same as that 
of P. Because P is invariant under (orientation-preserving) isometrics of B, and 
Euclidean rotations in the unit ball model of hyperbolic space are isometries of 
g that act transitively on the sphere §" = 9B, it follows that the characteristic 
exponents of P and their multiplicities are constant on 9B. The next lemma shows 
that the analogous statement holds for P as well. 

Lemma 4.3. Let {M,g) be a connected asymptotically hyperbolic {n + 1)- 
manifold of class C''/^, and let P: C°°{M;E) C°°{M;E) be a geometric op- 
erator of order m < I. The characteristic exponents of P and their multiplicities 
are constant on DM, and are the same as those of P. 

Proof. Let p e dM be arbitrary, and let {6, p) be any background coordinates 
defined on a neighborhood of p in M. By an afRne change of background coordi- 
nates, we may arrange that p = (0, 0) and g^j = Sij at p. Let $ : F ^ M be the 
Mobius chart given by {9, p) — <i>(x, y) — {x, y) in terms of these background coor- 
dinates, defined on some neighborhood V of (0,0) in H. Let g be the Riemannian 
metric <^*g on V^n H, let P ^ $* oPo^^i*, and let /s(P)(u) = y^^Piy^u) be the 
indicial map of P. Then Is{P) = $* o Is{P) o $~^*, so the characteristic exponents 
and multiplicities of P at (0, 0) € i9IHI are the same as those of P at ^{x, 0). Thus 
it suffices to show that /^(P) = /^(P) at (0,0). 

For convenience, here is a summary of the several metrics being considered in 
this proof: 

g (the given asymptotically hyperbolic metric on M), 

g^p^g (onM), 

g = ^*g (on an open subset of H), 

g (the hyperbolic metric on H). 

Arguing as in the proof of the preceding lemma, it suffices to show that each 
of the following operators has vanishing indicial map at (0, 0): 

(a) u pWu — p^u, 

(b) M 1-^ u(g) {p'^g- p^g), 

(c) u h-> u (g) {p~^g^^ ~ p^^g^^), 

(d) u^u<E) i/'+^dVg - p"+MVj), 

(e) M 1-^ u (g) {p*+''W''Rm - p*+''W''Rm). 

If we let P = V — V be the difference tensor between the two connections, a 
computation based on (|3.10|l yields 

pE^^, = +d,pig^%,-S^'Ski) + Oip). 

Because = Sij at p, it follows that pV — pV is a zero-order operator that vanishes 
at (0,0). 

The next three operators, tensoring with (|bj-|jdjl, are obviously zero-order op- 
erators vanishing at (0,0), so their indicial maps have the same property. To 
complete the proof, we need to show that the indicial map of Q vanishes at (0, 0). 
This is obvious from the argument in the preceding proof when fc > 0, because 
both p'^+'^V'^Pm and p^'+'^V'^Pm individually have vanishing indicial maps. On 
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the other hand, the preceding proof showed that the restriction of p'^Rm to dM is 
equal to K, which in turn is equal to p^Rm at (0, 0). This completes the proof. □ 

The next observation we need to make is that if P is a formally self-adjoint 
geometric operator acting on a geometric tensor bundle of weight r, its set of 
characteristic exponents is symmetric about the line Res = n/2 — r. This will 
follow easily from the next lemma. 

Proposition 4.4. Let {M,g) be an asymptotically hyperbolic (n-t- l)-manifold 
of class C^'^. Suppose that m<l andP: C°°{M; E) C°°{M; E) is an mth order 
geometric operator acting on sections of a geometric tensor bundle E of weight r, 
and let P* denote its formal adjoint. Then 

Is{P*)=In-2r-s{Pr- 

Proof. Choose any point p € dM, and let {0,p) be background coordinates 
in a neighborhood of p in M. Then we can write P locally as 

Pu{e,p)= J2 a^'-^''{e,p){pdj,)---ipdMe,p), 

0<k<m 
'^<ji,---,jk<n+l 

where each coefficient a^^' '^''{0, p) is a matrix- valued (7'-"»+'=./3 function (the coor- 
dinate representation of a bundle map from E to itself). Suppose now that u is a 
section of E that has a C" extension to M. Then pdi{p'^u) = O(/0*+^) if i ^ n+1, 
so Is{P) is given locally by 

Is{P)u = hm V p-'a^^ -'" {9, p){pdn+i) ■ ■ ■ {pdn+iWu{e, p)) 

p— >0 ' 
0<fc<m 

^ s''a^^-^''{e,Q)u{e,Q). 

0<k<m 
ji = ---=jk=n+l 

To compute Is{P*), we first compute the formal adjoint of a monomial of the 
form pdi as follows. Let 'g = p^g, which is a C'''' metric on M . The inner products 
on E defined by g and 5 are related by {u, v)g = p^''{u, v)-g, and the volume elements 
by dVg = p~^~^dVg. If u, V are smooth sections of E compactly supported in illlM, 
then 

/ {u,pdiV)gdVg= [ /)2-n-l(u,pa.^,)_(det5)^/2^^1___^^n+l 

Jm Jm 

= - [ {di{p^--"ub{g)), v)gidetg)'/^ dOK . . d6^+^ 
Jm 

= - I {p''+^-^'di{p'^-^Ub{g)),V)gdVg, 

Jm 

where 6(5) is a constant-coefficient polynomial in the components of g~^ , and 
(det^)^/^. Prom this, it follows easily that 



{pdi)* = -pdi + {n- 2r)S^+' - pbi, 
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where bi ~ dib{g) is C' ^'^ up to dM. Therefore, 

P*u{0, p)= ^-P^o. + (" - 2r)<5;.f 1 ~ pb,, )■■■ 

0<k<m 
l<Ji,...,jk<n+l 

+ (n - 2r)6l+' - J(a^-^n^, P)), 

and we conclude that 

/s(P*)u=hm V p"''(-p5„+i + (n-2r)-p6„+i)--- 

0<k<m 

hpdn+1 + in- 2r) - p6„+i)(a^-^n^?, P))) 

0<k<m 
= In-2r-s{P)*U, 

which was to be proved. □ 

Corollary 4.5. If P is a formally self-adjoint geometric operator of order 
m < I, then the set of characteristic exponents of P is symmetric about the line 
Re s — n/2 — r. 

Proof. The preceding proposition shows that Is{P) = hiP*) = In-2r-s{P)* ■ 
Thus if s is a characteristic exponent of P, then /„_2r-s(P)*, and hence also 
In-2r-s{P), is singular, which means that s' = n — 2r — s is also a characteristic 
exponent. Since Im s = Im s' and ^(Re s + Re s') — n/2 — r, the result follows. □ 

This corollary shows that a geometric self-adjoint operator P must have at least 
one characteristic exponent whose real part is greater than or equal to n/2 — r. We 
define the indicial radius of P to be the smallest nonnegative number R such that 
P has a characteristic exponent whose real part is n/2 — r + i?. (This is well-defined 
because the set of characteristic exponents is finite by Lemma [4 .31 ) 

Next we investigate the mapping properties of geometric operators on our 
weighted spaces. 

Lemma 4.6. Let P: C^{M;E) C°°{M;F) be a geometric operator of order 

m. 

(a) // 5 e M, 1 < p < oo, and m < k < I, then P extends naturally to a 
bounded mapping 

P: H^^P{M;E) ^ H^-"'^^ {M; F). 

(b) // (5 £ M, < < 1; o,nd m<k + a<l + P, then P extends naturally to 
a bounded mapping 

P: Cf°'{M;E) C^'^^'^iM; F). 

Proof. Let be a uniformly locally finite covering of M by Mobius charts 
as in Lemma Let E be the bundle over hyperbolic space associated to the same 
0(n + 1) or SO{n + 1) representation as E, and for each i, let Pi : C°°{B2; E) 
C°°{B2;E) be the operator defined by P, = <^>* o P o {<^~^)* . Since the metric 
gi = <^*g is uniformly C'''' equivalent to g in Mobius coordinates by Lemma H2.1|l . 
it follows that the coefficients of the jih derivatives of u that appear in PiU are 
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uniformly bounded in C' ™-^^'^{B2)- Therefore, using Lemmas 13.51 and rOiHn^ . we 
have 

\\pu\\t,p,s < cY,pip^r'mpuh,p■,B. 

i 

= cY,p{p^r'\\mM\k,p-.B. 

i 

<C'Y,PiP^r'\\^>\\k-m,p;B, 
i 

— ^ W'^Wk—m.p.Si 

with an anafogous estimate in the Holder case. □ 

RecaU from ChapterElthat when p* = pl(p - 1), H^_:f (M ; E) is naturally dual 
to Hg'^{M; E) under the standard pairing. The next lemma shows that P is 
symmetric with respect to this pairing. 

Lemma 4.7. Suppose P satisfies the hypotheses of Theorem\^ If 1 < p < oo, 
p* = p/{p~ 1), and S e M., then {Pu,v) = {u,Pv) for all u E H°-P{M;E), v E 
H":f{M:E). 

Proof. This is true for u,v E C^{M; E) by the fact that P is formally self- 
adjoint. The general result follows by density. □ 

The following lemma is a standard application of rescaling techniques and clas- 
sical interior elliptic regularity (cf. (29t Prop. 3.4], [Tj Lemma 2.4], and |51 Lemma 
4.L1]). 

Lemma 4.8. Let P: C°°{M;E) ~f C°°{M;F) be a geometric elliptic operator 
of order m. 

(a) Suppose 5 G R, 1 < p < oo, and m < k < I. If u E II^'^{M;E) is such 
that Pu E Hg~"^-'P{M; F), then u E Hg'P{M; E) and 

). (4.7) 

(b) Suppose S eR, < a < I, andm < k + a <l + p. If u E Cf°{M; E) is 
such that Pu E Cg~"''°'{M;F), then u E Cg'°'{M;E) and 

\\u\\k.a,6 < C{\\Pu\\k~„i^aJ + ||w||o,0,<5)- (4.8) 

Proof. Under the hypotheses of case @, u is locally in iJ'^'P by interior 
elliptic regularity, so only the estimate (|4.7|l needs to be proved. Let {$i} be a 
uniformly locally finite covering of M by Mobius charts as in Lemma 12.21 and 
let P, = $*oPo($-i)* as in the proof of Lemma [4.61 Since the coefficients of 
the highest-order terms in Pi are constant-coefficient polynomials in gi = '^Ig and 
(det and gi is uniformly equivalent to the hyperbolic metric by Lemma l2.1l 

Pi is uniformly elliptic on i?2. Moreover, since the coefhcients of Pi are uniformly 
bounded in C''""'"(S2) by the same lemma, we have the following standard local 
elliptic estimate |48l U : 

||u||fe,p;Si < C{\\PiU\\k-m,p-B2 + Hwjlo.piSa), 
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where the constant C depends on P, fc, p, and 5, but is independent of u and i. 
Thus, using Lemma l3 . 51 again, we have 

\\u\\k,p,S<CY,p{P^r'W^ 

i 

i 

i i 
< C"{\\Pu\\k-,n,p,S + \\u\\o,p,s)- 

The argument for case (O is similar, using interior Holder estimates |26j . □ 

Lemma 4.9. If P satisfies the hypotheses of Theorem\^ then P is self-adjoint 
as an unbounded operator on L'^{M;E). 

Proof. Because of the density of C^{M;E) in H"^-'^{M; E), P is densely 
defined, and Lemma 14.81 shows that its domain is exactly H"^-^{M; E). Clearly 
the domain of its Hilbert space adjoint contains H"^-^{M; E). On the other hand, 
if V is in the domain of the adjoint, then there exists w £ L?'{M-,E) such that 
{v,Pu) = {w,u) for all u G L'^{M\E). This means in particular that Pv — w a,s 
distributions, which by Lemma ll^Hl implies that v G H"^'^{M; E). Thus the domain 
of the adjoint is equal to the domain of P. □ 

Next we present some elementary preliminary results about Fredholm operators 
on these weighted spaces. Our first lemma reduces the problem of proving 
Fredholm theorems to estimates near the boundary. A partial differential operator 
P acting on sections of a vector bundle over a connected manifold M is said to have 
the weak unique continuation property if any solution to Pu = that vanishes on 
an open set must vanish on all of M . It has been shown recently by G. Nakamura, 
G. Uhlmann, and J.-N. Wang |47| that every strongly elliptic operator has this 
property. We say an operator is semi-Fredholm if it has finite-dimensional kernel 
and closed range. 

Lemma 4.10. Let P: C°°{M;E) C'^{M;E) be a formally self-adjoint geo- 
metric elliptic operator of order m < I. Suppose I < p < oo and (5 G M. Then 

is semi-Fredholm for m < k < I if and only if 
there exist a compact subset K <Z M and a constant c > such that the following 
estimate holds for all u G C^{M \ K] E): 

< \\Pu\\o,p,s. (4.9) 

// P is semi-Fredholm and has the weak unique continuation property, then (|4.9|) 
holds for every compact subset K <Z M with nonempty interior. If both (I4.9|l and 

< ||Pw||o,p.,-5 (4.10) 
hold for u G C^{M \ K; E), where p* ~ p/{p — 1), then P is Fredholm. 

Proof. The argument in the forward direction is fairly standard; see, for ex- 
ample, |12l Thm. 1.10] and [T] Prop. 2.6]. Let U and V be precompact open subsets 
of M such that K C U CU CV, and let ijj G C°°(M) be a smooth bump function 
that is equal to 1 on and supported in U. It is easy to check that multiplication 
by ■(/' is a bounded map from Hg'^{M; E) to itself for any fc,p, 5. On the compact 
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set V, the Hg'^ norm is uniformly equivalent to the standard H'^'P norm, and P is 
uniformly elliptic. 

First observe that (|4.9|l extends to all u € Hg'^{M; E) by continuity. For any 
we can write u — Uoo + uq, where uq := il'u is supported in U and 
Uoo ■— (1 — is supported in M \ X. We estimate as follows: 

||m|U-,P,5 < |lUoo|U,p,5 + ||wo|U,p,5- 

For the first term, H4.7|l gives 

||Woo|U,p,5 < Ci{\\PUoo\\k-7yi,p,S + ||Uoo||o,p,(5) 
oo II k — rn.p.5 

^ C2(|| (1 — ^)Pu\\k — rn.p.o; 

< C3{\\Pu\\k-rn,p^5 + M k-l,p-y) : 

where in the last line we have used the fact that [P, ^] is an operator of order m—1 
supported on V. 

For the second term, standard interior elliptic estimates yield 

||wo|U,p,5 = ll"o||fe,p,5;F 

< CiiWP^QW k~m^p^s-y + \\Mo,p,s-y) 

+ II [P, ■4}]u\\k + ll'"llo,p,(5;y) 

< C2(||Pw||fe_,„,p,5 + ||w||fc_i^p.y). 

Finally, standard interpolation inequalities on the compact set V (see |1U[ Thm. 
3.70]) allow us to replace ||u||fc_ip.";7 by C'||w||q ^.y + e||u||fc^p_5 with an arbitrarily 
small constant e. Absorbing the e term on the left-hand side, we conclude 

||^||fc,p,(5 ^ C(|| Pw|| fc— m,p,(5 + ll^llo,p;y )■ (4-11) 

Now suppose {ui\ is a sequence in KerPn H^'^{M;E). Normalize Ui so that 
||wi||i;.p.5 — 1. By the Rellich lemma on the compact set V, some subsequence 
converges in E). From H4.11|l we conclude that this subsequence is Cauchy 

and hence convergent in H^'^ {M; E), and therefore KerPn Hg'^{M]E) is finite- 
dimensional. 

Next we need to show that P has closed range. Since KerP is finite- 
dimensional, it has a closed complementary subspace Y C Hg'^{M; E). I claim 
there is a constant C such that 

||"||fc.P,5 < C\\Pu\\k-.m,p,s for aU ueY. (4.12) 

If not, there is a sequence {ui} C Y with 

\\ui\\k,p,s = 1 and ||Piii||fe-m,p,5 0. 

By the Rellich lemma again, there exists a subsequence (still denoted by {ui}) that 
converges in H^'P{V; E). Then 14.11(1 shows that the subsequence also converges 
in Hg'^ {M; E). However, the limit u then satisfies ||M||fc,p,5 = 1 and Pu = by 
continuity, and is therefore a nonzero element of y flKer P, which is a contradiction. 

Now if u, e Hg'P{M;E) with Pu, ^ fi ^ f in Hg~"''P{M; F), we can as- 
sume without loss of generality that each Ui E Y, and then H4.12|l shows that {ui} 
converges in Hg'^{AI;E), which shows that P has closed range. 
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Conversely, suppose P: HfP{M]E) Hg'"''P{M; E) is semi-Fredholm. Let 
K C M he a, compact subset chosen as follows: If P has the unique continuation 
property, K can be any compact subset of M with nonempty interior; otherwise, 
let K = M \ Ai:, where e > is chosen small enough that no element of the 
finite-dimensional space KerPn H^'^{M; E) vanishes identically on K. 

The key fact is that there exists c > such that 

\\u- v\\o,p^s > c\\u\\q,p^s (4-13) 

whenever u e Hg''^{M; E) is supported in M \ if and v £ KerP n Hp^{M; E). 
To see this, note that our choice of K ensures that || • \\o,p^s-K is a norm on KerPn 
H^'^{M;E). Since all norms on a finite-dimensional vector space are equivalent, 
there exists a constant a such that 

\\v\\o,p,5:K > a\\v\\o.p.,5 

for all V £ KerP n Hj^'^{M; E). Suppose now that u is supported in M \ K, 
\\u\\o.,p.5 = 1, and V £ Ker P n H^'' {M ; E) . If ||w||o,p,5 < 1/(1 + a), then by the 
reverse triangle inequality 

\\u - vWo.p.s > \\u\\q.p.s - llwllo.p.a > 1 - -j-^— = T-—- 
If on the other hand ||w||o,p,(5 > 1/(1 + a), then because u vanishes on K, 

\\U - v\\o,p^S > \\U ~ v\\o,p,S;K = ||w||o,p,<5;/f 
II II 

> a\ 'v\ o.p,s > — • 
1 + a 

Inequality H4.13|l (with c = a/{l + a)) then follows for general u by homogeneity. 
As above, KerP n Hg'^{M; E) has a closed complementary subspace Y, and 
I^'P{M;E)) C H^- 

(P|y)-1: P{Hf'^{M-E)) ^ y is bounded by the open mapping theorem. This 
means there exists a constant C > such that (|4.12|) holds. 

Let u £ Hg'^ {M; E) be supported in M \ K, and write u — uq + uy, with 
Uq £ Ker P, Uy £ Y. It follows from H4.13|l that 

||wy||o,p,5 = II" - '«o||o,p,<s > c||w||o,p,5, 
and therefore, by H4.12|l with fc = m, 

||u||o,p,<S < C~^||uy||o,p,5 < C^^\\uY\\rn.p,S 

< c-^C\\Puy\\o,pJ - c-'C\\Pu\\o,p,5. 

which is l|4.9|l . 

Finally, suppose that both (|4.9() and (|4.10l) hold. To show that P is actually 
Fredholm, all that remains to be shown is that the range of P has finite codimen- 
sion in Hg~"''P{M; F). Recall that H°:f{M;E) is dual to H°'^{M\E) under the 
standard pairing. The argument above, using (|4.1U|) instead of (|4.9|l . shows 
that P* ^ P: H':f{M;E) h':""''^' {M; E) has finite-dimensional kernel. Any 
V £ H'^g (M; E) that annihilates the range of P in i?^~'"'^(Af; E) satisfies in par- 
ticular {v,Pu) — for all u £ C^{M; E), so is a distribution solution to Pv — 0. 



both Y and P{Hg'P{M; E)) C Hg~"^'P{M; E) are Banach spaces with the in- 
duced norms. Then P|y: F P{Hf^{M;E)) is bijective, and its inverse 
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By Lemma f4. 81 v E H'^f {M;E). Thus there is at most a finite-dimensional sub- 
space of H^f{M;E) that annihilates the range of P. Since P{HfP{M;E)) is 
closed in iJ^^™'^(M; E), it has finite codimension. □ 



CHAPTER 5 



Analysis on Hyperbolic Space 



In this chapter, we wiU analyze the behavior of geometric eUiptic operators on 
hyperbohc space, which serves as a model for the more general case. Our goal is 
to show that if P is an operator on hyperbolic space satisfying the hypotheses of 
Theorem[n| then P is an isomorphism on appropriate weighted Sobolev and Holder 
spaces. (In the next chapter, we will use the resulting inverse map to piece together 
a parametrix for the analogous operator acting on an arbitrary asymptotically hy- 
perbolic manifold.) 

For the purposes of this chapter, we will use the Poincare ball model, identifying 
hyperbolic space with the unit ball B C M"+^, with coordinates ^, . . . , C"^^), and 
with the hyperbolic metric g = 4(1 — J^ii'^O'^ ■ The hyperbolic distance 

function can be written in terms of the Euclidean norm and dot product as 

It will be convenient to use 

1 



p(.0 



coshd5(e,0) i + i^i 



2 



as a defining function for the ball, where = (0, . . . , 0) denotes the origin in B C 

Throughout this chapter, E will be a geometric tensor bundle of weight r over 
B, and P : C°°(l;£') C°°(B;E) will be a formally self-adjoint geometric elliptic 
operator of order m. The fact that P is geometric implies that it is isometry 
invariant: If ip is any orientation-preserving hyperbolic isometry and u is any section 
of E, then 

ip*{Pu) ^ P{(p*u). (5.1) 

We win assume that P satisfies (EUl. Then by Lemma KWl P: H"'^^{M;E) 
L'^{M;E) is Fredholm. The next lemma shows that this is equivalent to being an 
isomorphism. 

Lemma 5.1. Suppose P: C°°{M;E) — + C°°{V>]E) is a geometric elliptic opera- 
tor of order m on B. Then P : H"^^'^{M; E) iJ^^^^jg. ^) j., Fredholm if and only if 
it is an isomorphism. 

Proof. If P is an isomorphism, then clearly it is Fredholm. Conversely, if P 
is Fredholm, then by Lemma [4. 101 P satisfies 

Hull < C||Fu|l (5.2) 

whenever u is supported in the complement of some compact set K. Suppose u is 
any smooth, compactly supported section of E. There is a Mobius transformation 
(fi such that (^"^(suppu) C M \ K, so ip*u satisfies (|5.2f) . Because P and the 
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norm are preserved by ip, u itself satisfies the same estimate. Therefore, by 
continuity, (|5.2|l holds for all u E H™-^, so KerP is trivial. Since P is self-adjoint 
as an unbounded operator on Lp'{M;E), its index is zero, which means that it is 
also surjective. □ 

Let K be the Green kernel of P: That is, K is the Schwartz kernel of the oper- 
ator P^^ : i^(B; E) _ff™'^(B; E). Invariantly, K is interpreted as a distributional 
section of the bmidlc Hom(7r2£', tt^E) over B x B, where ttj is projection on the jth 
factor. For all / G L^(B; E), 

P-'fiO^ I m.r,)f{r^)dV^M- (5-3) 
Equivalently, if we write K,i{^) = K{£^,ri), satisfies 

in the distribution sense and K^i G on the complement of a neighborhood of 77. 
Somewhat more explicitly, for any 77 G B and uq G -E,,, K^uq is a (distributional) 
section of E satisfying P{K,fUo) = 6,^uo. In particular, ifo(C) — K{£^,0) can be 
viewed as a fundamental solution for P on B with pole at 0. 

By local elliptic regularity, K is C°° away from the diagonal — rj}. Since P 
is formally self-adjoint, it is easy to check that K satisfies the symmetry condition 
K{ri,£) = K{^,r])* for ^ ^ rj, where K{^,ri)*: E^ En is the (pointwise) adjoint 
of K{^,7]) elloui{En,E^). 

We extend our defining function p to a function /?: BxB — > [0, 1] of two variables 
(still denoted by the same symbol) by 

^^^'''^ coshdg(^,77) (l + |^|2)(i + |^|2)_4^.^- 

Observe that piC,0) = piO- 

Our main technical tool in this chapter is the following decay estimate for K. 

Proposition 5.2. Let P: C°°{M;E) C°°(R;E) be a formally self-adjoint 
geometric elliptic operator of order m satisfying H1.4|l . Then P has positive indicial 
radius R, and for any e > there is a constant C such that 

\mM<Cp{^,riT/^+''-' (5.4) 

whenever dg(^,ri) > 1. {The norm here is the pointwise operator norm on 
}iom(Ejj, E^) with respect to the hyperbolic metric.) 

Proof. The isometry invariance of P implies that K has the following equiv- 
ariance property for any orientation-preserving hyperbolic isometry ip: 

K{^{0,p{v)) = iv*r'oK{(,fj)op*. (5.5) 

Also, since p is defined purely in terms of the hyperbolic distance function, it is 
clearly isometry invariant: 

Therefore, to prove (|5.4|l . it suffices to show that 

\K{^,0)\ < Cp(e,0)"/'+^-" =Cp(e)"/'+^'"". 

Note that Kq{^) = K{^^ 0) defines a smooth section of the bundle Hom(i?o, -E) over 
B \ {0}, whose fiber at ^ is the vector space Hom(i?o, E^). 
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The group of orientation-preserving hyperbolic isometries that fix is exactly 
SO(n + 1), acting linearly on the unit ball as isometries of both the hyperbolic and 
Euclidean metrics. Let L C B be the ray L = {(0, . . . , 0, i) : < f < 1} along the 
^"■'"^-axis. The subgroup of SO(n-)- 1) that fixes L pointwise is SO(n) C SO(n-t- 1), 
realized as the group of linear isometries acting in the first n variables only. Observe 
that for each G SO(n) acts orthogonally (or unitarily if i? is a complex tensor 
bundle) on the fiber E^^ by pulling back. 

an orthogonal decomposition of Eq into irreducible 
S0(7i)-invariant subspaces. We extend this to a decomposition of the bundle E over 
B \ {0} as follows. First, for each G L, let e'^^^ be the subspace of E^^ obtained 

by parallel translating E^^ along L with respect to the Euclidean metric since 
SO(n) acts as Euclidean isometries, it follows that 

is an orthogonal irreducible SO(n)-decomposition of E'^q. Then for an arbitrary 
point ^ g B\{0}, let E^^'^ = where is the unique point of L such that 

ICol — and Lp g SO(n-l-l) satisfies ^'(^o) = Since E^^^ is invariant under SO(n), 

E^ does not depend on the choice of ip. Since ip can be chosen locally to depend 
smoothly on ^ (by means of a smooth local section of the submersion SO(n + 1) — s- 
SO{n + 1)/S0(n) = S"), this resuhs in k smooth subbundles E'-^\ . . of E 

over B \ {0}. 

For each pair of indices i,j — 1, . . . ,k, we choose an SO(n)-equivariant linear 
map fcp*'"'-' : Eq Eq as follows: If Eq"^ and E^'' are isomorphic as representa- 
tions of SO(n), let fco' be an SO(n)-equivariant Euclidean isometry from Eq'' to 
Eq \ extended to be zero on Eq^ for I ^ i; and otherwise let fep*'"''' be the zero 
map. By Schur's lemma, the nonzero maps fcg form a basis for the space of 
SO(ri)-equivariant endomorphisms of Eq. Let us renumber these nonzero maps as 

«,Q , . . . , «,Q . 

Next we extend each map k^ to a section fc-' of Hom(£'o,-E) over B \ {0} in 
the same way as we extended the spaces Eq : First, for each point G define 

: Eq E^g to be fcp followed by ^-parallel translation along L from to ^q! and 
then for arbitrary ^ S B \ {0}, define = {(p*)~^ o o ip* , where £,o E L and 
if e SO(n -I- 1) satisfies <p(^o) = 

I claim that there are smooth functions /i, . . . , ■ (0, 1) — s- C such that 

KoiO-J2f^(P(OH (5.6) 



for all ^ e B \ {0}. To see this, first note that for any point G L, the equivariance 
property (|5.5|) implies that Ko{^o) is an SO(n)-equivariant linear map from Eq to 
and therefore by Schur's lemma it can be written as a linear combination of 
the maps 
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For any other point ^ G B \ {0}, let be the point of L such that |^o| — and 
let LP e SO{n + 1) satisfy (/j($o) = ^. Then (|5.5|l yields 

= I]cj(^o)(<^*)"'ofc^^o(p* (5,7) 

3 

i 

Since p: L \ {0} — > (0, 1) is a diffeomorphism, there are functions fj : (0, 1) ^ C 
such that fj{p{S,j) — fj{p{^o)) = ^ji^o) whenever |^| = \^q\, and then (|5.7|l is 
equivalent to (|5.6|) . The smoothness of Kq implies that the functions fj are smooth. 

Now the equation PKq = reduces to an analytic system of ordinary differ- 
ential equations for the functions fj, and the fact that P is uniformly degenerate 
implies that this system has a regular singular point at p = 0. Because the sections 
y of Hom(i?o, E) extend smoothly to B \ {0}, our definition of the indicial map of 
P guarantees that the characteristic exponents of this system of ODEs are precisely 
the characteristic exponents of the operator P. Therefore, by the standard theory 
of ODEs with regular singular points, each coefficient function fj satisfies 

\fj{t)\ - Cj^'^llog^l'^^- as t -> (5.8) 

for some characteristic exponent Sj and some nonnegative integer kj. 

If Uq is any tensor in one of the summands Eq \ then the images fc^(uo) lie in 
different summands of E^ and are therefore orthogonal, so 

\KoiOuo\l^J2\fMm'\klno\l, 
j 

where g is the Euclidean metric on B. Since fc| is a Euclidean isometry onto its 
image, |fc|uo|g is independent of ^. Therefore, if fc^Mo 7^ 0, then on B \ {0} we have 

\KQ{Ouo\j>C\fMm > Cp(0«'"^^|logp(Ol'^- 

for some positive constant C. Because Kq{^)uo is in away from 0, by Lemma 
13.21 we must have Kesj > n/2 — r for each such j. Since for each j there is some 
Uq such that /c^uq 7^ 0; the same inequality holds for every j. By definition of the 
indicial radius R, this implies that in fact i? > and Kesj > n/2 — r + R. Using 
(|5.8|l . we conclude that for any e > there is a constant C such that 

\fj{t)\ < CfV2-r+H-e fQj. ^ g^^^y I 

This in turn implies 

\KoiOno\5 < CpiOlKoiOuolj 

< C'piO^'piO''^'-'-+''-^uo\j 

- C"p(0"/'+''"1wob 
whenever d{£^,0) > 1, which was to be proved. □ 

The next two lemmas give some estimates that will be needed to use our decay 
estimate for proving mapping properties of P"^. 
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Lemma 5.3. For any real numbers p,q,r such thatp+1 > andr > q+l > 0, 
there exists a constant C depending only on p, q, r such that the following estimate 
holds for all u G [0, 1); 



{i-uty 



dt < C(l - uf 



Proof. We use the following standard integral representation for hypergeo- 
metric functions |27l p. 59]: 

which is valid if Re 7 > Re/3 > and \z\ < 1. The hypergeometric function 
F{a, (3,j; z) is analytic for \z\ < 1 and satisfies a second-order ODE that has a 
regular singular point at z — I with characteristic exponents and 7 — a — /3 | 17l 
p. 246]. As long as 7 — a — /3 < 0, therefore, it satisfies 

\F{a, f3, 7; w)| < C(l - uf-"-^ if < w < 1. 

Applying this with a — r, P = p + I, and ^ ^ p + q + 2 proves the lemma. □ 

Lemma 5.4. Suppose a and b are real numbers such that a + b > n and a > b. 
There exists a constant C depending only on n, a, b such that the following estimate 
holds for all C ^ 

Proof. By an isometry, we can arrange that C = and ^ = (0, . . . , 0, r) is on 
the positive ^"■+^-axis. Substituting C = into the integral, we must estimate 



Parametrize the ball by the map $ : (0, 1) x (0, tt) x S"^^ B given by 

$(s, 6, ui) = {su^ sin 0, ... , sw" sin0, scos0), 

so that s is the Euclidean distance from and 6 is the angle from the positive 
^"+^-axis. In these coordinates, the hyperbolic metric is 

9 = (1^^2)2 i^^' + ''^de' + s^ sin2 9°g), 

where g represents the standard metric on §"^^. The hyperbolic volume element 
is therefore 

2"+^s" sin"~^ 6 
dVii — — — —. — ds dO dVo , 

9 (l-s2)"+l S' 

where dVo is the volume element on §"^^. 
9 

In these coordinates, we have |^| = r, \rj\ — s and — rscos9. The integrand 
in (|5.9(l is constant on each sphere S"~^, so we can immediately integrate over §"^^ 
and write / as a constant multiple of 

(l-r2)(l-s2) Y fl- s^\'' s''sin"-^e 

-duds. 



'0 Jo 



(l + r2)(l + s2)-4rscos6'y \l + s^ J (1 - s2)«+i 
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Since we are only interested in estimates up to a constant multiple, we will 
write f ^ g to mean that f /g is bounded above and below by positive constants 
depending only on a, b, and n. Thus, for example, 1 — = (1 — s)(l + s) ^ 1 ~ s, 

i^-s) T, — irTTM-c'^'^*- (5-10) 



,(l + r2)(l + s2)-4rscos6iy ' ' (1 - s)"+i 
The 9 integral can be simplified by the substitution cos 6* = 2t — 1 to obtain 



((1 + r2)(l + s2) - 4rscos6')" 



(5.11) 



^ ' Wo {l-8B{r,s)rst)- 

where 

R r = ^ 1 

^ ' ' (l + r2)(l + s2)+4rs 

Because our hypothesis guarantees that n — a < b < a and therefore a > n/2. 
Lemma |5.3I shows that the right-hand integral in H5.11|l is bounded by a constant 
muhiple of (1 - 8B(r, s)rs)"/2-a. Substituting this into (jFTUI) yields 

KCil-rY , ^ , \ . -^ds. (5.12) 

- ^ Wo (l-8B(r,s)rs)'^-"/2 ^ ' 



r, s)rs = ; W ' ^ (1 - rsf + (r - sf > (1 - rsf 



A computation shows that 

(1 - r.s)2 + (r - s) 
(1 + r.s)2 + (r + .s) 
Inserting this into H5.12|l . we conclude that 

- ^ Wo (l-rs)2"-" 

Lemma 1^751 then shows that this is bounded by a multiple of (1 — r)** ^ p{^, ()^. □ 

The following estimate is the key to proving sharp mapping properties of P^^. 

Lemma 5.5. Let P satisfy the hypotheses of Provosition TE^ Then for any real 
number b satisfying n/2 — R<b<n/2 + R, there exists a constant C such that 

\m,i^)\p{r^fdV^M<Cp{0\ 

\K{Lri)\p{0'dV^g{0<Cp{rif. 

Proof. Since \K{S,,ri)\ = \K{ri,C)*\ = \K{ri,C)\ by self-adjointness, the two 
inequalities are equivalent, so it suffices to prove the second one. We will write 

\K{Lri)\p{0''dV^,{i)+ f \Ki^,^j)\piO''dVsiO 
and estimate each term separately. 
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For the first term, we observe that K is uniformly locally integrable near ^ rj: 
Since i^o(C) = K{^,0) satisfies PKq = doldso, and the Dirac delta function is in 
the Sobolev space H~^''^ for 1 < q < 1 + 1/n (defined as the dual space to H^''^ , 
q* = q/{q — 1)), local elfiptic regularity implies that i^o G L'^^ C L\^^. Therefore, if 
?7 G B is arbitrary and is any Mobius transformation sending r/ to 0, the change 
of variables ^' = (p(^) yields 

\mMdVm^l \m'MdVg{0<C. (5.13) 

Using the triangle inequality together with the elementary fact that cosh(^ + 
B) < 2 cosh A cosh i? for A,B>0, we estimate 

coshdg(^, 0) < cosh(dj(^, 77) + dg(ry, 0)) < 2 coshdj(^, ?/) coshdj(?7, 0). 

It follows that p{ri) < 2p{^) on the set where d;j{^, -q) < 1. By symmetry, the same 
inequality holds with ^ and rj reversed. Thus 

\K{^,v)\p{&dVs{0 

< ( sup piO') f \K{tv)\dVs{0 

< Cpiv)'- 

For the second term, choose £ > small enough that 

Ti Ti 

R + e <b < - + R-e. (5.14) 

Then with a — n/2 + R~ e, we have a + b > n and a > 6, so we can use Proposition 
15.21 and Lemma [O] to conclude 

\K{trj)\p{0''dVs{0< I p{^,r,r p{if dVsiO 

< CpiO'- 

□ 

Proposition 5.6. If 1 < p < oo, k > m, and \S + n/p — n/2\ < R, then there 
exists a constant C such that 

Mk,p,s < C\\Pu\\k-m,p,s (5.15) 

for all u G Hf^{W,E). 

Proof. Using Lemma [4. 81 it suffices to prove that 

||w||o,p,<5 < C'||Fu||o,p,a 

for all u e Hf^{M]E). Because C^{M]E) is dense in Hf^{M]E), it suflices to 
prove this inequality for u g C^(IB; E). Since u = P~^{Pu) in that case, it suffices 
to prove the estimate 

\\P-^fh,p,6 < C\\f\\o,p,s for aU / E C^{M;E). (5.16) 
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Put 



p-l 

1 n 
a = — {6 + - 



so that 

--R<ap* <-+R, 

n n (5-17) 

R < ap- 5p < - + R. 

By Holder's inequality and Lemma 15.51 we estimate 

\p-'f{0\s< I \mMf{r,)y,dv~M 

< [ I \mMp{^)-''''\fmid^M\'' ^ 



< CpiO" \Kit ri)\pivr'''\fiv)fs dVsiv)^ ^'^ . 

Therefore, 

J IB 

<c^ I \ P^ir~'''\m.n)\p^^r''^\^midvMdyAi)- 

By Lemma 15.51 again, we can evaluate the ^ integral first to obtain 
\\P-^m.^.,<G' f pirir~'''piriy\firi)fsdVsiv) 
= C'\\f\\l,,s- 



□ 



Theorem 5.7. Let P: C°°(B;i;) C'^{M;E) be a formally self-adjoint geo- 
metric elliptic operator of order m satisfying (|f .4|l . If k > m, 1 < p < oo, and 
\S + n/p-n/2\ < R, then the natural extension P : H^'P{M; E) H^f^'^'^iB; E) is 
an isomorphism. 



Proof. Injectivity is an immediate consequence of (|5.15|l . To prove surjectiv- 

k- 
S 



ity, let / G "''P(M;E) be arbitrary, and let f, e C^{M;E) be a sequence such 
that /i ^ / in Hg^'^^-'^iM; E). Set u, = p-^f, e H"^'^{M;E), so that Pu, = f,. 



Then each u^ is in HfP{M; E) by l(5?TB|) . and in iJ^' '^(B; E) by LemmaOl and (|5T 
shows that {ui\ is Cauchy in Hg'^{M; E). It follows that w = limu^ e Hg'^ {M; E) 
satisfies Pu — f as desired, so P is surjective. The continuity of the inverse map 
then follows from (|5.15|1 . □ 
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Now we turn our attention to the Holder case. First we prove an estimate 
analogous to (|5.16|l . 

Proposition 5.8. // \S — n/2\ < R, there exists a constant C such that 

\\P-\fhfl^5 < C||/||oAA- (5.18) 

for all f e C°'°{M;E). 
Proof. By Lemma 

<C ( \K{£,,r,)\p{T^Y\\f\W^^sdV^M 
Jb 

<C'piO'\\f\\o.0.5. 

which implies 

\\P-'f\\o.o,s = sup (piO^'lP-'frns) < C'\\f\\o,0.5- 

□ 

Theorem 5.9. Let P: C°°{M;E) C°°{M;E) be a formally self-adjoint geo- 
metric elliptic operator of order m satisfying H1.4|l . If < a < 1, k > m, and 
\S — n/2\ < R, then the natural extension P: Cg'" {M; E) C^~™'"(B;iJ) is an 
isomorphism. 

Proof. To prove surjectivity, let / G C^~™'"(B;£') be arbitrary and set u = 
P^^f, so that u g C^'°(B; E) by ProDOsition l5.8l An easy computation shows that 
Pu — f in the distribution sense, so u € "(B; E) by Lemma ESI 

To prove injectivity, choose 6' close to 6 and p large such that 6 > 6' -\- n/p 
and \6' + n/p - n/2\ < R. Then Cg'°'(R; E) C H^g;^{M] E) by by LemmaESl Since 
P is injective on Hg,'^{M;E) by Theorem 15.71 it is injective on the smaller space 
C^-"{B-E). a 



CHAPTER 6 



Fredholm Theorems 

In this chapter, we return to the general case of a connected (n + l)-manifold 
{M,g), assumed to be asymptotically hyperbolic of class C^'^ , with / > 2 and 
< ;9 < 1. Let be a geometric tensor bundle over M, and let P : C°°{M- E) 
C°°{M; E) be a formally self-adjoint geometric elliptic operator of order to > 1. We 
will prove Fredholm properties of P by using Mobius coordinates near the boundary 
to piece together a parametrix modeled on the inverse operator on hyperbolic space. 

For this purpose, we will need a slightly modified version of Mobius coordinates. 
Whereas the original Mobius coordinates defined in Chapter [21 were valid in a 
neighborhood of an interior point, for our parametrix construction we will need 
coordinates that are defined all the way up to the boundary and adjusted to make 
the background metric 'g close to the Euclidean metric on a neighborhood of a 
boundary point. These coordinates will be used to transfer the operator P^^ to M 
with an error that decays to one higher order along the boundary. 

For each point p S dM , choose some neighborhood Q. on which background 
coordinates {9,p) are defined on a set of the form (|2.1(l . Let G 
C'p'^(fl, T*M) be 1-forms chosen so that (w^, . . . , w", dp) is an orthonormal coframe 
for g at each point of dM n 17 (recall that \dp\-g = 1 along dM). Let A^, B" be the 
coefficients of at p, defined by 

Lo^^A^pdOl + B^dpf, 
and let (0^, . . . , 6*") be the functions defined on il by 

Then (6'^, . . . ,0'^^p) form coordinates on il, and in these new coordinates g has 
the matrix 5ij at p. For < a and < r < c, define open subsets l^a C H and 
Zr{p) cnc M by 

Ya = {{x, y)ell:\x\<a,0<y<a}, 

Zr{p) = {{e, p) e n : \6\ < r,{)< p < r}. 

For < r < c, define a chart ^p^r -Yi^Zr [p) by 

(0, p) = y) = {rx, ry). 

We will call 4'p,r a boundary Mobius chart of radius r centered at p. Recall that g 
denotes the hyperboolic metric on the upper half-space. 

Lemma 6.1. There is a constant C > such that for any p G dM and any 
sufficiently small r > 0, 

\\^lr9-9\\i,P;y^<rC. (6.1) 
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Proof. Because Yi is not precompact in H, we have to interpret the C'"'^ norm 
on the left-hand side of (|6.1(l as an intrinsic Holder norm, defined by (|3.2(l . For 
each point {xo,yo) € Yi, we have a Mobius chart ^(xo.yo)- -^2 V2{xo,yo) C H 
defined by 

'^{xo,yo){x^y) = {xo + yox,yoy)- 
Then we need to get an upper bound for 

sup ||$(^„^j,^)(^'i^g-g)|lcuJ(B,). 
{xo,yo)eYi 

Since ^(xo,ya) is ^ hyperbolic isometry, the norm above is the same as 

||(*p,r o ^ixo,yo)y9 ~ 9\\c',l^iB2)- (6-2) 

In {9,p) coordinates, we have 

*P,r o $(xo,ao)(^'y) = {rxo +ryox,ryoy). 
Let us abbreviate this composite map as Cix, y) — [rx^) + ry^x, ry^y), so that 

(*p,r o '^{,xo,yo))*9 - 5 = y^^CiVij - S^j)dx' dx^ . 

Since the C''^{B2) norm in (|6.2|) is just the norm of the components in {x,y)- 
coordinates, and y~^ is uniformly bounded on B2 together with all its derivatives, 
it suffices to show that 

IIC/llc'.^(B.) <Cr||/||p., 

for any function / S C^^^^{fl) that vanishes at p. Moreover, the {9, p) coordinates are 

uniformly C'+^'^'-equivalent to the original background coordinates {0,p), because 
the coefficients B", the matrix {Ap), and its inverse are uniformly bounded. Thus 

the C^^Q^ norm of / in {6, p) coordinates is uniformly bounded by the global norm 
ll/llc-- 

To bound the sup norm of C*/, we use the mean value theorem and the fact 
that /(0,0) — f{p) = to estimate 

\Cf{x,y)\ = \f{rxo+ry^x,ryoy) - /(0,0)| 
= |rf/(ao,&o)(™o + ryax,ryoy)\ 
< Crll/lle^i^o 

where (ao, bo) is some point on the line between (0, 0) and {rxo + ry^x, ry^y). For 
any coordinate x^ (fc = 1, . . . , n + 1), we have 

\dx>'{C f){x,y)\ = \ryodgkf{rX() +ryQX,ryoy)\ 
<HI/llc-- 
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The Holder norm of the first derivatives is estimated as follows: 

\d,.{Cr){x,y)-d,.{Cf){x'.v')\ 
|(a;,y)-(x',y')h 

\ryodgkf{rxQ +ryox,ryoy) -ryodgkf{rxo + ryox' ,ryay')\ 



\{x,y)-{x',y')\^ 
'^\\f\\c}-^\i^^a +'ryoX,ry(iy) - (rxo + ry^x' ,ryQy')\°' 



<Cri+"||/|U. 



\{x,y)-{x',y')\^ 



The general case now follows by induction on I, using the fact that d^k{C,* f) = 
ryo^idekf). □ 

We need to explore how the weighted Sobolev and Holder norms behave under 
boundary Mobius charts. The function y is not a defining function for hyperbolic 
space because it blows up at infinity; however, by patching together via a partition 
of unity, it is easy to construct a smooth defining function po for hyperbolic space 
that is equal to y on Fi. Then for any boundary Mobius chart '^p^r, it follows that 
rP ~ y ~ Po ^1 foi' sufficiently small, so by the same reasoning that led 
to (|3.4|l and (|3.5|l . the weighted norms have the following scaling behavior under 
boundary Mobius charts: 

C-'r-'\m^^u\\k,a-Yi < MkcAzAp) < ^^"'ll*g,r"IU,«;n, (6.3) 

C-\-^\\'^|,^^u\\k,p■.Y^ < \\u\\k^p^S;ZAp) < Cr-^\\■^lrU\\Kp■,Y^■ (6.4) 

Choose a specific smooth bump function ip: M [0,1] that is equal to 1 on 
Ai/2 and supported in Ai. For any p € dM and any r > 0, let {9,p) be the 
coordinates on a neighborhood of p constructed above, and define 4'pr & C''^(ri) 

by 

^p^,{e,p) = {^z^^r^ = ^{e/r,p/r). 

Because the different choices of {6, p) coordinates are all uniformly bounded in 
C^'^^^''^(f7) with respect to each other, and \dp\g, \d6"\g are both in C[''^{M) with 
norms independent of p, it follows that the functions ipp^r are uniformly bounded 
in C'''^(ri), independently of p and r. 

By the same argument as in Lemma l2.2l there is a number N such that for any 
r > we can choose (necessarily finitely many) points {pi, . . . ,Pm} C dM such 
that the sets {Zr/2{Pi)} cover Ar/2 ^ {p E M : pijj) < r/2} and no more than N 
of the sets {Zr{pi)} intersect nontrivially at any point. For any such covering, let 
~ '^Pi,r and V'i = V'pi.r- Let ipo e C^{M) be a smooth bump function that is 
supported in M \ A^/^ and equal to 1 on M \ ^4^/2; and define 



ft follows that {(pf} is a partition of unity for M subordinate to the cover {M \ 
Ar/iT Zr{pi)} ■ Moreover, at each point of Af, at least one of the functions ipi is 
equal to 1 at and at most N of them are nonzero, so the functions ipi are still 
uniformly bounded in C'g'^(M). 



48 



6. FREDHOLM THEOREMS 



Let E be the tensor bundle over hyperbolic space associated with the same 
0{n + 1) or SO(n+ 1) representation as E, and let P be the operator on hyperbolic 
space with the same local coordinate expression as P. For each boundary Mobius 
chart ^-i, let g, be the metric defined on Yi C H, and let : C°°(Fi;£;) 
C°° ( Yi ; E) be the operator defined by 

P^u ^*P{^Y^*u). 

Then Lemma 16.11 implies that Pi is close to P in the following sense: For each 
i5€R, 0<q;<1, 1<p<oo, and k such that m < k < I and ni<k + a<l + l3, 
there is a constant C (independent of r or i) such that for all u G C'''"'^{M; E), 

\\PiU - Pu\\k-m,a,S < Cr\\u\\k,a,S, (6-5) 

and for all u e H^^p^^{M- E), 

\\PiU - Pu\\k-m,p,5 < Cr\\u\\k,p,5- (6.6) 

Now assume that P satisfies the hypotheses of Theorem ICl In particular, there 
is some constant C such that the estimate (11.4(1 holds on the complement of 
some compact set. Choosing p g dM arbitrarily and r sufficiently small, (|6.t)|) 
and (|6.4|) together imply that P satisfies an analogous estimate (perhaps with a 
larger constant) for all smooth sections u of E compactly supported in Yi. But 
if M G (H; E) is arbitrary, there is a Mobius transformation that takes supp u 
into Yi, so the same estimate holds globally on H. Therefore, by the results of 
ChapterlU P is invertible on Cg'^iM; E) for \5 - n/2| < R, and on ^^^'^(H; E) for 
\5 + n/p-n/2\ < R. 

For any sufficiently small r > 0, define operators Qr,Sr,Tr: C^{M;E) 
Cr{M-E) hy 

Q,u = ^^,(*-i)*p-iM'*(9,,u), 

i 

SrU - ^¥.,;(*rl)*p-l(p,; _ P)^>*{^,U), 

i 

i 

Proposition 6.2. Let P: C°°{M;E) C°°{M;E) satisfy the hypotheses of 
Theorem^C% 

(a) // \6 + n/p — n/2\ < R and 1 < p < oo, then Qr, Sr, and Tr extend to 
hounded maps as follows: 

Qr:Hf^{M-E)^HT^^{M-E), 

Sr-. H^'P{M;E) ^ HJ''P{M;E), 

Tr-. H^^'-^'PiM-E) ^ H^'/{M;E), 

for any di such that S < Si < S + 1 and \5i + n/p — n/2\ < R. Moreover, 
there exists rp > such that if u ^ Hj^'^{M; E) is supported in A,, for 
< r < Tq, then 

QrPu — U + SrU + TrU (6-7) 

and 

\\SrU\\,n,p,5 < Cr\\u\\.ni,p,S (6.8) 
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for some constant C independent of r and u. 
(b) // \6 — n/2\ < R, Q < a < 1, and m + a < I + (3, then Qr, Sr, and Tr 
extend to bounded maps as follows: 

Sr-. Cp^iM-^E) -> C™'"(M;S), 

Tr-. Cr^'''{M-E)~.Cl-''{M;E), 

for any 5i such that 5 < 5i < 5 + \ and |(5i — n/2| < R. Moreover, 
there exists ro > such that if u £ Cg^'°'{M; E) is supported in Ar for 
< r < Tq, then 

QrPu = U + SrU + TrU (6-9) 

and 

\\SrU\\„r^a,S < Cr\\u\\m^a,S (6.10) 

for some constant C independent of r and u. 
Proof. The fact that Q^-Pu = u + SrU + T^u in A^. is just a computation: 

i 

i i 

= Y ip^{'^~'yP-^P^'^*{V^u) + TrU 

■i 

i 

+ Y V^{^;'rP^\P^ ~ PW^{^^n) + TrU 

i 

= U + SrU + TpU. 

To check the mapping properties of Sr, we begin by observing that the fact 
that the functions ^pi are uniformly bounded in C'p'^(M) C C'''^{M) imphes by 

Lemma that muhiphcation by ipi is a bounded map from Hg'^{Zr{pi)', E) to 
itself for each i and all < j < /, with norm bounded independently of i and r. 
The fact that 5*^ maps H^''^{M; E) to itself then follows from Proposition 15.81 and 
116.411 . because the factors of r^ and r"'' introduced by 'J* and its inverse cancel 
each other. Moreover, (|6.5|l implies (|6.8|l whenever u is supported in Ar, for some 
constant C independent of r and u. 

The mapping properties of Tr will follow from a similar argument once we 
show that the commutator [ipi,P] maps _ff™^^'^(Af; i?) to H^^'^(M;E). Observe 
that each term in the coordinate expression for [Lpi, Pju is a product of four factors: 
a constant, a pth covariant derivative of u, a qth covariant derivative of Lpi, and a 
polynomial in the components of g, (detg)"^/^, and their derivatives up through 
order r, with p + q + r < m and q > 1. Since ipi is uniformly bounded in C'''^(M), 
the result follows. The argument for the Holder case is identical. □ 

Corollary 6.3. Let P: C°°{M;E) -> C°°{M;E) satisfy the hypotheses of 
Theorem\C\ 
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(a) // \S + n/p - n/2\ < R, \6i + n/p - n/2\ < R, S < 5i < S + I, and 
1 < p < oo, then there exist r > and bounded operators 

sueh that 

QPu = M + Tu 

whenever u e E) is supported in Aj.. 

(b) // \5 - n/2\ < R, \Si - n/2\ < R, S < Si < S + 1, < a < 1, and 
m + a < I + f3, then there exist r > and bounded operators 

Q: C°'"(M;i?)->Cr"(M;i?), 

such that 

QPu = u + fu (6.11) 

whenever u g C^^'^lM; E) is supported in A^. 

Proof. Just choose r small enough that l|6.8|l holds with Cr < 1/2. It then 
follows that Id +5^: H'^-^[M-E) Hg'''P{M;E) has a bounded inverse. We just 
set 

g = (Id+5,)-ioQ„ 

f = {Id+Sry^oTr, 

and then (|6.11() follows immediately from H6.7|l . Once again, the argument for the 
Holder case is identical. □ 

Our first application of this parametrix construction is a significant strength- 
ening of Lemma 14.81 giving improved decay for solutions to Pu — f when u and / 
are in appropriate spaces. We begin with a special case. 

Lemma 6.4. Assume P satisfies the hypotheses of TheoremT(\ 

(a) Suppose that \ < p < oo, m < k < I, \S + n/p — n/2\ < R, and \6' + 
n/p-n/2\ < R. If u e Hg'P{M;E) and Pu £ H^r'^'PiM; E), then 
u£H^;P{M;E). 

(b) Suppose that < a < 1, m < k + a < l + (3, \S-n/2\ < R, and \5' -n/2\ < 
R. Ifu£ C"'°(M; E) and Pu £ C5,"'"'"(M; E), then u £ Cg;°'{M; E). 

Proof. If 6' < (5, the result is a trivial consequence of Lemmas 14 . 81 and l3 . 6l|b)l . 
so assume 6' > 6. Consider part @. By Lemma 14.81 it suffices to show that 
u £ Hg;^(M;E). For any small r > 0, by means of a bump function we can 
write u = uo + Woo, where suppwo is compact and suppuoo C Ar- Local elliptic 
regularity gives uq £ H^;^{M\ E). Since Puoo agrees with Pu off of a compact set, 
Puoo G Hgl^iM; E), so by Corollary O if r is smah enougn, 

lioQ — Q Puqq — TUqQ 

£Hj^-P{M;E) + Hlf{M;E) 
CH'sf{M;E), 
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where Si = min((5', 6+1). Iterating this argument finitely many times, we conclude 
that Woo e Hg;P{M;E). By Lemma ESI this implies that u g H^;^{M;E) as 
claimed. The argument for the Holder case is the same. □ 



Proposition 6.5. Suppose P satisfies the hypotheses of Theorem\^ and u is 

either in Hg^^°(M;E) for some \So + n/pa — n/2\ < R and 1 < po < oo, or in 
Cgf{M; E) for some \5o - n/2\ < R. 

(a) // Pu e i/^*^"'"'P(Af;£;) for \S + n/p - n/2\ < R, 1 < p < oo, and 

if 



m<k<l, then u G Hf^{M\E). 



(b) If Pu e Cg'^^'^iM-^E) for \d~-n/2\ < R, < a < 1, and m < k + a < 
I + (3, then u e Cg'"{M\E). 

Proof. If m e C°'°{M; E) with \5Q-n/2\ < R, then u e Hg'P{M; E) whenever 
5 + n/p < 6a by Lemma [3.61 Since such 6 and p can be chosen that also satisfy 
\6 + n/p — n/2\ < R, it suffices to prove the proposition under the hypothesis that 
u e Hg'^^°{M; E) with \6q + n/po ~ "-/S] < R- For the rest of the proof, we assume 
this. 

First we treat case (Q. Assume that Pu e Hg^"'"^{M; E) with \6+n/p—n/2\ < 
R, and let ^ be the following set: 

^ ^{p e (1, oo) : u G Hg;P'{M; E) for some 5' with \6' + n/p - n/2\ < R}. 

Clearly po ^ ^ hy hypothesis. We will show that p E 3^. It will then follow from 
Lemma [6.41 that u € Hg'^{M; E), which will prove case 10). 

Claim 1: If pi e then {l,pi] C To prove this, assume pi e ^ and 1 < 
p' < pi- The fact that pi G ^ means that there is some 6i with \6i+n/pi—n/2\ < R 
such that u G Hgf'{M;E). By Lemma EH u e Hg/{M;E) for any 6' such that 
6i+n/pi > 6' + n/p'. Choosing 6' so that 6' + n/p' is sufficiently close to 6i+n/pi, 
we can ensure that \6' + n/p' — n/2| < R. This implies that p' G ^ as desired. 

Claim 2: If pi g ^ and p2 satisfies pi < P2 < P and 

P2 f n + 2 e \ , , 

^'<min — — ,1 + — , (6.12) 



Pi \n + 1 2n 

where 

n Ji „ 

e ^6-\ \-R> 0, 

P 2 

then p2 S The assumption that pi e ^ means that u e Hg'^^^ {M ; E) for some 
^1 with \6i+ n/pi — n/2\ < R. Choose 6' satisfying 

n „, n n £ , 

6+->6' + —>6+---. (6.13) 
p Pi P 2 

By virtue of the first inequality above. Lemma 13.61 implies that 

Pu e H^'"''P{M;E) C H^r"'^P'{M;E). (6.14) 
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Since the two inequalities of (|6.13(l guarantee that |(5' + n/pi — n/2| < R, Lemma 

rk, 



16.41 shows that u G H^l^^ {M ; E). Our restriction on p2 guarantees that 



n + 1 ^ n + 2 

Pi ~ P2 

n + 1 1 



P2 P2 

^ n+1 , 
< + k, 

P2 

so Lemma r3.6fct imphes that u E Hgi^'^{M;E). Now Ht).12|) imphes that 

n n n / p2 ^ 



Pi P2 P2 \Pi 

<-(- 

P2 

e 

<2- 



Therefore, using (|(j.l3|l . we obtain 



^, I L TL let It' t ' f' "' 



)- 


- 


^- 




\P1 


P2J 



I ^ n n e 

= -R. 

^, n n ^ n n 
S' + ---<S+--- 
P2 2 P 2 

< R, 



which proves that p2 & ^ &s claimed. 

Claim 3: p e li p < Po, this follows immediately from Claim 1 together 
with the obvious fact that po e Otherwise, just iterate Claim 2, starting with 
Po After finitely many iterations, we can conclude that p £ J3^. 

Finally we turn to case ©. Suppose Pu e C^^""'" {M; E) with \6 - n/2\ < R, 
and choose p' large and 5' close to S satisfying 

71 

S>d' + -, (6.15) 
P 

Then by Lemma I^T^ Pu G i/^r™'^ (M; E). If we choose S' + n/p' sufficiently close 
to (5, we have \6' + n/p' — n/2\ < i?, and thus u e Hg,'^ {M;E) by part @ above. 
If p is also chosen large enough that {n + l)/p' < k — a, the Sobolev embedding 
theorem (Theorem 13. 6lj^ ') implies u G Cg,°'{M\E), and if 6' is sufficiently close to 
5 we will have \6' ~ n/2| < R. Then Lemma lOl imphes u e Cf°'{M]E). □ 

Now suppose P : C°°{M; E) C°°{M; E) satisfies the hypotheses of Theorem 
O By Lemma Oni estimate JTH) implies that P: H"^'^{M;E) H"''^{M;E) is 
Fredholm. Let Z = KerP n L^{M; E), which is equal to KerP n iJ"^2(M; E) by 
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Lemma 14.81 Then Z is finite-dimensional, and Proposition 16.51 shows that Z C 
Hg'^{M; E) whenever 1 < p < oo, m < k < I, and \d + n/p — n/2\ < R. In fact, 

Z = KerP: HfP{M-E) H^-'"'P {M; E), (6.16) 

because any u S KerP n Hg'^{M;E) is also in L^{M;E) by Proposition 16.51 
Similarly, ifO<Q!<l, m<fc + a</ + /3, and \5 - n/2\ < R, then 
Z = KerP: Cf'^iM-E) Cg'''''" (M; E). 

Because of these observations, whenever 1 < p < oo, m < k < I, and \S + n/p — 
n/2\ < R, we can define a subspace Yg'^ C Hg'^ {M; E) by 

r/'P ^{ue HfP{M; E) : {u, v)^0 for all v G Z}, 

where (m, v) represents the standard pairing. Since Z C H^Jg (M; E) = 
{H°'P{M;E))* c {HfP{M;E))\ it follows that Y^'^ is a well-defined closed sub- 
space of 7J^'^(M; Similarly, if < a < 1, to < fc-t-a < ? -f /?, and \5~n/2\ < P, 
we can define 

r/'" = {w e Cg^^iM; E) : (m, w) = for aU v G Z}, 

since Cf°'{M;E) C Hg;P{M;E) for (5 > (5' + n/p > n/2 - R implies ^ C 
H°jP'iM;E) = iH°;PiM;E))* C (C^"(M;^))*. 

The next result is the main structure theorem for operators satisfying the hy- 
potheses of Theorem IHl 

Theorem 6.6. Suppose P: C^{M;E) C^{M;E) satisfies the hypotheses 
of Theorem 

(a) If 1 < p < oo, < k < I, and \S + n/p — n/2\ < R, there exist bounded op- 
erators G,H: Hg'P{M;E) Hg'P{M;E) such that G{Hg~'"''P{M; E)) C 
Hg'P{M; E) for k>m, and 

Yg'P^KeiH, (6.17) 

Z = ImH, (6.18) 

u = GPu + Hu for u G Hg'P{M; E), m<k<l, (6.19) 

u = PGu + Hu for u G Hg'P{M; E),0<k<l. (6.20) 

(b) IfO < a < 1, < k + a < l + and \d — n/2\ < R, there exist bounded op- 
erators G,H: Gg'^^iM-^E) -> Gg'^iM^E) such that G{Gg'''''" {M; E)) C 
C^'"(M; E) for k > m, and 

r/'"=KerP, (6.21) 
Z==Im£r, (6.22) 
u = GPu + Hu for u G C^''"(Af; E), m<k<l, (6.23) 



u 



PGu + Hu for u G Gg'^iM; E),0<k<l. (6.24) 



Proof. We begin with the Sobolev case, part (Q. First consider the spe- 
cial case p — 2, k = 0, and (5 = (in which case this is basically the stan- 
dard construction of a partial inverse for a Fredholm operator on L^). As noted 
above, the assumption of an estimate H1.4|l near the boundary implies that 
P: Hl^'^{M; E) -> L^{M- E) is Fredholm by Lemma OHI 
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By definition, Y^'"^ C L?[M\ E) is precisely the orthogonal complement oi Z = 
Ker P in (A/; E) , so we have an orthogonal direct sum decomposition (M; E) — 
Z ® Y^'^. Since P is formally self-adjoint, any u e H"^-^{M; E) satisfies (Pw, v) = 
{u,Pv) = for all V & Z, so P{H'^^'^{M\E)) C Yq"'^- On the other hand, if 

V e L'^{M;E) is orthogonal to P{H"^''^{M\ E)), then for any smooth, compactly 
supported section u of E we have (w, Pu) = 0, so is a distributional solution to 
Pv = 0, which means v € Z. This shows that {P{H'^-'^{M; E)))-^ = Z, and since 
P{H"'^^{M;E)) is closed in L^{M-E) we have P{H"'''^{M; E)) = ^0°'^ 

Now P: Yq'"'^ — !■ Yq°'^ is bijective and bounded, so by the open mapping the- 
orem it has a bounded inverse (Ply^.a)"!; Y°'^ -> Y^^'^ . Define G: L'^{M;E) 
L'^{M;E) by 

[(i^l.-r- -err, 
|o uez, 

and define iJ: L'^{M;E) L'^{M;E) to be the orthogonal projection onto Z. 
Then (|6.17|l and (|6.18(l are immediate from the definition of H, and H6.19|l (for 
u e H"'^'^{M;E)) and (for all u) follow by considering u e Fg"'^ and u € Z 

separately. 

Next consider the case of arbitrary S satisfying \S\ < R, still with p — 2 and k — 
0. If (5 > and u S Hg''^{M; E) C ^^(M; i;), then PGw ^ u ~ Hu Hg'^iM; E), 
so Gu e H^''^{M;E) by Lemma EH Thus the restriction of G to Hg''^{M;E) 
takes its values in Hf''^{M;E), as does by (|?rTH| . In this case, l^^ - K^ 
are satisfied because they are already satisfied on the bigger space L^{M;E) (or 
fP"'2(M; E) in case of (IMl l. and Y,"'^ = ^0°'^ n H°''^{M; E). 

On the other hand, if 5 < 0, we can use the fact that H°'^{M;E) = 
{H°:l{M;E))* to extend the definition of G and H to H°''^{M;E) by duality: 
For any u G Hf'^{M]E), let Gw and i/w be the elements of H°-'^{M;E) defined 
uniquely by 

(Gw,w) = (u,Gu), (6.25) 
{Hu,v) = {u,Hv) (6.26) 

for all u e H°Jg{M;E). In other words, G,ff: H°'^{M;E) H°'^{M;E) are 
defined to be the dual maps of G,H : H*^g{M;E) H°j{M;E). Since H and 
G are self-adjoint on L'^{M;E) [H because it is an orthogonal projection, and G 
because P is self-adjoint as an unbounded operator), these are indeed extensions of 
the original maps G and H. 

To see that these extended operators satisfy (|6.17|) - H6.20|) . we observe that 
(|6.26|l implies that Hu = for u e Hg' {M;E) exactly when (u,w) = for all 

V in the image of H: H'^g{M;E) H'^g{M; E); since this image is exactly Z, 
it follows that KerTJ = Y^'"^, which is (|CT7|) . Since the restriction of H to Z G 
L'^{M]E) C H°''^{M;E) is the identity, it follows that Z C ImiJ. On the other 
hand, for any u G Hg''^{AI; E), we have (Hu,Pv) — {u,HPv) = for all v G 
C^{M ; E) C H^_:l{M] E), which means that Hu is a weak solution to P{Hu) = 0. 
Thus Imi? C KerP = Z, which proves (|0^ . Equations (|0^ and lIH^ then 
follow easily from our definitions by duality. 
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Next we generalize to 1 < p < cxd and \S + n/p — n/2\ < R, still with fc = 0. 
li p > 2, we can choose S' such that \S'\ < R and 5 + n/p > 5' + n/2, so that 
H^'^{M] E) C Hg;'^{M; E). Arguing as above, we see that the restrictions of G and 
H map hI'^{M; E) to H^'^{M; E). On the other hand, for p < 2, we can extend 
G and H to maps from -ff°'^(M; E) = (M; E))* to itself by duality as above. 

In both cases (I6.17|) - (|6.20|l are satisfied, by restriction or duality as appropriate. 

Now consider the general case of H^'^{M;E) with 0<fc<Z, l<p< oo, 
and \5 + n/p — n/2\ < R. Since Z C Hg'^{M; E), it is clear that H restricts to a 
map of Hg-P{M; E) to itself. If u e Hf^{M; E) C H'^-p{M; E) for < k < I - m, 
observe as above that PGu = u - Hu e Hg'P{M;E), so Gu e 7J^^+™'P(M; £;) by 
Lemma Ol For / - m < fc < we have G{HfP{M;E)) C G{H\~'^'^{M;E)) C 
Hg'P{M;E) C Hg'P{M;E). Thus in each case G and H restrict to maps from 
Hg'^{M; E) to itself, and properties 1)6. 17|l - l|6. 20(1 are satisfied by restriction. 

Finally, consider case ijEJ, and assume that 0<a<l,0<fc + a<Z + /3, and 
1^ - n/2\ < R. We can choose 5' S R satisiying \S'\ < R and 6 > 6' + n/2, so that 
G'"g'"{M\E) C Hg;^{M]E) and the results of part © apply to Hg;'^{M;E). Then 
the restrictions of G and H map Cg'" {M; E) to itself by the same argument as 
above, and properties H6.21(l - (|6.24(l are automatically satisfied by restriction. □ 

The next construction will be useful in proving that P is not Fredholm outside 
the expected range of weights. 

Lemma 6.7. Suppose P: C°°{M;E) G°°{M;E) satisfies the hypotheses of 
Theorem\^ where E is a bundle of tensors of weight r. Let sq be a characteristic 
exponent of P, and let Sq = Re sq + r. Given any compact subset K C M, there is 
an infinite- dimensional subspace W C Gg^{M;E) such that every nonzero w ^ W 
has the following properties. 

(a) suppit; C M \ K. 

(b) PweGl%iM;E). 

(c) Ifl<p<ooandS>So~ n/p, then w (/ Hf^{M\ E). 

Proof. Let p G dM be arbitrary, and let V be any neighborhood of p in M. 
Since the characteristic exponents are constant on dM by Lemma [4.31 there is a 
tensor Wp G E^ such that Iso {P)wp = 0. We can extend Wp to a C^'^ tensor field w 
on a neighborhood of p in dM, still satisfying Iso{P)w = 0, as follows. Shrinking V 
if necessary, we can choose background coordinates on V, and for each q£ VHdM, 
let A{q) be the matrix of hoiP) ■ Eq ~^ ^5- By Lemma [4.21 the matrix entries of 
A{q) are C^'^ functions of q. If 7 is any smooth, positively-oriented closed curve in 
C whose interior contains but no other eigenvalues of A{p), then the projection 
onto the kernel of A{q) can be written as — l/(27ri) J^{A{q) — zld)~^dz. (Here we 
use the fact that the eigenvalues of A{q) and their multiplicities are independent of 
q.) We define w to be the tensor field on y n dM whose coordinate expression is 

Wq = ^ J {A{q) - zldy^Wpdz, 

which is a C^'^ tensor field along dM satisfying Isg{P)w — 0. If we extend w 
arbitrarily to a C'"'^ tensor field on V, and let w = p'^°ipw where (p is any smooth 
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cutoff function that is positive at p and supported in V ^ then w € Cg {M; E), and 
which iniphes 

\Pw\g=Oip''>+'), (6.27) 

so Pw g Cgf^^iM;E). On the other hand, w ^ iil'^\M:E) for b > 8^ - n/p by 
Lemma 13.21 

Now choose countably many points pi G dM and disjoint neighborhoods Vi 
of Pi. For each j we can construct Wi as above with support in 1^, so the space 
spanned by {wi\ is clearly infinite-dimensional. □ 

Proof of Proposition ^ It follows immediately from Lemma that P 
is Fredholm as a map from H"'-'^{M;E) to H^-'^iM-^E) if and only if P satisfies 
an estimate of the form (|1.4I) . By Lemma 14.81 the kernel and range of P as an 
unbounded operator on L'^{M;E) are the same as those of P: H"^'^{M; E) 
H°''^{M; E). The proposition follows. □ 

Finally, we are in a position to prove our main Fredholm theorem, Theorem lUl 
from the Introduction. 

Proof of Theorem [UJ We will prove parts (0 and © together. The proof 
of sufficiency is identical for the Sobolev and Holder cases, so we do only the Sobolev 
case. 

Suppose 1 < p < oo, m < k < I, and |^ + n/p — n/2| < R, and let 
G, H : Hg-P{M; E) -> Hf^{M; E) be as in TheoremlHlH We have already remarked 
that the kernel of P: Hg^P{M;E) ^ Hg~"''''{M; E) is equal to Z, which is finite- 
dimensional, and in fact is the same as the kernel. We will show that the range 
of P is closed by showing that it is equal to Yg'""'^. If / = Pu e P{Hg'P{M; E)), 
then clearly (/, w) = [Pu,v) = {u,Pv) — for all v E Z, so f G Yg~™'^. On 
the other hand, if / G r/-™'^, then / = PGf + Hf = PGf by 1^1^ and 
(IHTzjl . so / e P{Hg'P{M;E)). Since every / e Ng'^^'PiM; E) can be written 
/ = PGf + Hf, where PGf G P{Hg-P{M; E)) = and Hf G Z, it follows 

that H^-"''''{M; E) = f/-™'P © Z. Therefore, 

Hk-ra^P(^M-E) _ y/'"'^ ® Z ^ ^ 

P{HfP{M-E))^ y^fe—.p ' 

which is finite-dimensional. This also shows that the cokernel and kernel of P have 
the same dimension, so P has index zero. 

Next we will prove the necessity of the stated conditions on 5. In fact, we will 
show that P has infinite-dimensional kernel when 5 is strictly below the Fredholm 
range, and infinite-dimensional cokernel when 5 is strictly above; in the borderline 
case C^j^2-w '^i^ ^l^o show that P has infinite-dimensional kernel, and in all 
other borderline cases, we will show that it fails to have closed range. 

First we address the Holder case below the Fredholm range. Assume < a < 1, 
m < k+a < l+P, and 6 < n/2-P, and consider P: Gs'"{M; E) Cs'^^'^iM; E). 
We will prove that P is not Fredholm in this case by showing that it has an infinite- 
dimensional kernel. 

The definition of the indicial radius R and the symmetry of the characteristic 
exponents about Re s = n/2 — r imply that P has a characteristic exponent sq with 
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Re So = n/2 — r ~ R. Let W be the subspace of C^'^2-i?,("^^' given by Lemma 
16 .71 for this characteristic exponent. (The compact set K is irrelevant in this case.) 
For any p > n, P{W) C C°f^_j^^^{M;E) C H'^'J^_j^{M; E) by Lemma im If we 
choosep large enough, then 5 — n/2 — i? will satisfy \5-\-n/p—n/2\ = \n/p—R\ < R, 
so there exist operators G,H: H°^J^_ ^{M ; E) H°^J^_j^{M;E) satisfying l|HT7jl - 
(I6.2U|I . Let Wo C W be the linear subspace defined by 

Wo^{weW : HPw = 0}. (6.28) 

Because H takes its values in the finite-dimensional space Z, the space Wq is 
also infinite-dimensional. Note that for w G Wq, Pw G H^J^_^{M\E) implies 
GPw e H'^l^_p,{M;E) C C°^° _^(A/; £;) by Lemma rTHfetl . Define X:Wq-^ 
C"^°2-i?(^'^; E) hy Xw = w- GPw. It follows from that 

PXw ^ Pw- PGPw ^ HPw = for all w e Wo. 

Therefore, 

X(Wo) C KerP n C°/"2_«(M; E) C C^^fa-flC^'^! ^) 

by Lemma 14.81 Moreover, X is injective because Xw — implies w = 
GPw € H^J^_^{M]E)^ which implies that it; = by assertion Q of Lemma 
16.71 Thus we have shown that X(Wo) is an infinite-dimensional subspace of 
KerPn C^'^2-fl(^^; Since C^'/2-i?(^^; ^) ^ Q^'"(M; £;) whenever S<n/2-R 
and m<A: + Q!<Z-f/3, it follows that P has infinite-dimensional kernel on 
Gg'°'{M; E) in all such cases. 

Next consider the Sobolev case below the Fredholm range. When 1 < p < oo, 
m < fc < and 5 < n/2 - n/p - R, we have C^Jj^^p.{M; E) C Hg'P{M;E) by 

Lemma [3.61 so P has infinite-dimensional kernel in H^'^{M; E) as well. 

Now we consider the exponents strictly above the Fredholm range, beginning 
with the Sobolev case. Suppose 1 < p < oo, m < k + a < l + P, and S > n/2 — n/p + 
R. Recall that the dual space to H^'^ is H'^g (where p* is the conjugate exponent, 
1/p+l/p* ~ 1), acting by way of the standard pairing. Since —S < n/2 — n/p* — 
R, the argument above shows that P* = P : H'^f [M]E) -> H'^f{M;E) has 
infinite-dimensional kernel. Each element v of the infinite-dimensional space Ker Pn 
(M; E) thus defines a continuous linear functional on Hg^"'''^{M; E) hy u i-^ 
{u,v), and each such linear functional annihilates P{Hg'^ {M; E)) by Lemma f4. 71 
It follows that the range of P has infinite codimension in Hg~"^''^{M; E). 

For the Holder case, suppose 0<a<l, m<A:-|-Q;</-f/3, and S > n/2 + R. 
Choose 5' close to 5 and p sufficiently large that n/2 + R<6' + n/p<S. It 
follows that ~S' < n/2 — n/p* — R, which implies as above that P has an infinite- 
dimensional kernel in H'///f{M]E). The fact that ""'"(M; £;) C H°f{M;E) 
implies that H^jf'iM-E) = {H°f{M;E))* c ((^^"'"^"(M; £;))*. As above, each 
linear functional on C^~™'"(M; E) defined by an element of KerPn H"/^gf (M; E) 
annihilates the range of P, so once again we conclude that P: Cg'"{M\E) 
Gg~"^'°'{M; E) has infinite-dimensional cokernel. 

Next we consider the borderline cases. The lower borderline Holder case 6 = 
n/2 — Rwas already treated above, when we showed that P has infinite-dimensional 
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kernel in Cg'"" {M; E) whenever S < n/2 — R. In all remaining cases, we will show 
that P does not have closed range. 

We begin with the upper borderline Sobolev case, Hf'P{M;E) with 6p = 

n/2 - n/p + R. Let us assume that P: Hg'P{M;E) Ng'^^'^iM; E) has closed 
range and derive a contradiction. If 6 < 5p is chosen sufficiently close to 6p that 
\S — n/2 + n/p\ < R, the argument at the beginning of this proof showed that 
KevP n H^'P{M;E) is finite-dimensional. Since Hg^P{M;E) C Hg'P{M;E), we 

see that KerPn Hg^''{M;E) is finite-dimensional as well, so P: Hfj{M;E) 

is semi-Fredholm. It follows from Lemma [4. 101 that there is a com- 
pact set K C M and a constant C such that 

\\u\\o,p,5, < C\\Pu\\o,p,s, (6.29) 

when u G H^'^{M; E) is supported in M \ K. 

By definition of R, P has a characteristic exponent sq whose real part is equal 
to n/2 — r + R. Let w be any element of the space W defined in Lemma |^T| corre- 
sponding to this characteristic exponent, with suppw C M \ K , w ^ H^'^{M; E), 
but Pw e C°f^^j^^^{M;E) C H^g'J{M;E). Let {V'e} be a family of cutoff func- 
tions as in Lemma ll-i.SI and define We — (1 — V'e)''^- Note that for any e > 0, 
is in C[f^{M]E) and compactly supported, so it is in H^'J{M;E) for all k < I. 
Because w i Hg'P{M] E) and w uniformly on compact sets as e ^ 0, we 

have lluieljojp.ip — > oo. On the other hand, 

Pwe = (1 - ^e)Pw - [P, Tpelw G Hg^'\M; E). (6.30) 

If we can show that ||Pti'e||o,p.(5 remains bounded as e — > 0, we will have a contra- 
diction to (E^H)- 

The fact that Pw e H°'J{M;E) imphes that (1 - ^pe)Pw Pw in the H^^ 
norm, so the first term in Ht).30|l is clearly bounded in H^'^ . For the second term, 
observe that the commutator [V, 'i/'e]w = w ® dipe is an operator of order zero with 
coefficients that are uniformly bounded in C'''^{M) and supported on the set where 
e/2 < p < £. It follows by induction that [P, tpe] is an operator of order m — 1 with 
bounded coefficients supported in the same set, and therefore 

0<i<m-l"''^/2<P<'^ 

Since |V-'u'|p is integrable for < j < m, each integral above goes to zero as e ^ 
by the dominated convergence theorem. This contradicts (|5.29f) and completes the 
proof that P does not have closed range in this case. 

Next consider the upper borderline Holder case, 5 — n/2 + R. The argument is 
almost the same as in the Sobolev case, except in this case we have to set w^ = ip^w 
and show that ||Pu'e||o,a,n/2-i-fl while ||u'e|jo,a,ra/2-i-i? remains bounded below 
by a positive constant. The details are left to the reader. 

The only case left is the lower borderline Sobolev case, Hg'P{M;E) with 5 = 
n/2-n/p-R. Since = n/2-n/p*-hP, we showed above that P: H'//'f{M;E) 
H'^g (M; E) does not have closed range, and thus neither does P: H'^g (M; E) — + 
ij"'!" {M;E) considered as an unbounded operator (since its domain is exactly 
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jjrn^p j-^^. j^-^y Since a closed, densely defined operator has closed range if and only 
if its adjoint does (cf. |34l Theorem IV.5.13]), this imphes that P: Hg-''{M;E) 
Hg'''{M;E) does not have closed range, and then it follows from the regularity 
results of Proposition ESI that P: Hg-P{M;E) Hg~"'-P {M; E) does not either. 

Finally, to prove part @, just observe that P being Fredholm on L'^{M;E) 
implies that it is Fredholm from H^''^{M;E) to hI^'^{M;E). By part 0, this in 
turn implies that |0| < i?. □ 



CHAPTER 7 



Laplace Operators 



In this chapter we speciaUze to Laplace operators. Throughout this chapter, 
(M, g) will be a connected asymptotically hyperbolic {n + l)-manifold of class C'"'^ 
for some I > 2 and < /? < 1. 

Let E he a, geometric tensor bundle of weight r over M. A Laplace operator is a 
second-order geometric operator P : C°°{M;E) C°° {M; E) that can be written 
in the form P — V* V + where V* V is the covariant Laplacian and : E E 
is a bundle cndomorphism (i.e., a differential operator of order zero). Note that our 
definition of geometric operators guarantees that the coefficients of J(f in any local 
frame are contractions of tensor products of 5, 5^^, dVg, and the curvature tensor. 

To get sharp Fredholm results for a specific Laplace operator, we need to com- 
pute its indicial radius. In general, this is just a straightforward computation in 
coordinates near the boundary. Here are some of the results. 

Lemma 7.1. The covariant Laplacian V*V on trace-free symmetric r -tensors 
has indicial radius 



R=\l — +r. 

We will postpone the proof of this lemma until after ProDOsition l7.3l bclow. For 
the record, we also note the following, which is proved in f39\ fJW. 

Lemma 7.2 (Mazzeo). The Laplace- Beltrami operator A — dd* -\- d*d on q- 
forms has the following indicial radius: 

n n 
q, 0<q< 



R 



2 - ^ - 2' 

1 _ n-f 1 

2' 

n-\-2 n + 2 

Q 7: — , — 7: — <q<n + l. 



The following lemma greatly simplifies the computation of the indicial radius 
of a Laplace operator. 

Proposition 7.3. Let P = V*V -f be a Laplace operator acting on a geo- 
metric tensor bundle of weight r. For any s G C, 

L,{P) = Lo{P) + s{n-s-2r). 

Proof. Since Is[J^) = ■^\dM is independent of s, we need only consider 
the case P = V*V. As in the proof of Proposition 2.7 of |29| . we compute (in 
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background coordinates) 

P-ij = didjp-r'^jdkp 

= s(n-s)p"+o(p"); 



(7.1) 



Therefore, 

p-"V*V(p'*u) = Trg V2(p"u) 

= -p-" Tig V(sp'*-% ® Vp + p'Wu) 

= -p^" Ti-g {s{s - l)p^~^u «) Vp (g) Vp + 2sp''"^ Vm Vp 

+ sp''"%(g) V2p + p'V%) (7.2) 

= -S(s - l)p"^|Vp|g?I- 2sp"^VgradpM 

+ sp^^Apu + V*Vu 

— — s(s — l)u — 2sp^"'"VgradpU + s('T- " 1)" + V*Vu + o(l). 

To compute the second term above, assume u is a tensor of type (p) with q — p = r, 
and let D be the difference tensor = V — V. The components of Vm are 

p q 



s=l s=l 



P 9 

m...j, • 



Let us introduce the shorthand notations pi — dip and p' = g^-' djp. Using formula 
(|3.1U|I for the components of D, together with the fact that p^p* = 1 + 0{p), we 
obtain 

p-'g^'piD), = -f{5]pk + S\,p, - 5,fcP') = -5] + 0{p). 

Therefore, 

— l^V7 _Nii...ip _1 fci _ii...ip 

P (VgradpW)^,...,, = P 3 Pi^i...,,;fc 



_n...ip 



Inserting this back into (|7.2|l . we obtain 

p"''V*V(p^u) = s(n - s - 2r)M + V* Vu + o(l), 
which implies the result. □ 

Proof of Lemma mi By Prop. 17.31 to determine /s(V*V) it suffices to com- 
pute /o(V*V). The cases r = and r = 2 follow from Corollary 2.8 and Lemma 2.9 
of ^29j . For the general case, suppose r > 1. Assuming u is trace- free, symmetric. 
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and smooth up to the boundary, and using the notation of the preceding proof, we 
compute 

As in the preceding proof, we have 



'^ii ...ir'.l 

t=l 



and therefore, 

r r 



l<i5,t<r s=l 

+ 0{p). 

Using (|3.10() again, we compute 

5""9„.i?t; - 5">-'Prn {5lpi + <5f p,, - + 0{p) = <5f: + 0{p)- 

5'"^L^L = -("-iHt+o(p); 

Inserting these above and using the fact that u is symmetric and trace-free, we 
obtain 

(V*Vu)jj...j^ = + r{n - l)ui^...i^ - r{r - l)ui^...i^ - 

r r 

+ - 1) E Pit'p'^^l -i-ir + - 1) E 
t=l s=l 

r 

~ E 5j,jtP^p''wji...j...fc...», + (n- l)EPi=/"ii...fc...v 

l<s,t<r s=l 



: r{n + 1 - r)uij...j^ + (2r + n - 3) E Pup''"' 

t=i 

^ E 9t^,tt'p''P^U^^-3-k...tr+0{p) 



l<s,t<r 



Suppose s is any indicial root of V* V and u is a corresponding unit eigentensor. 
Using the formula above for V*Vm together with Proposition 17.31 and observing 
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that u is trace-free, we compute 

2 I 1 2 2 

— r(n H- 1 — r) \u\- + (2r + n — 3) grad^p _ + 5(n — 5 — 2r) |w|- 
> r{n + 1 — r) + s(n — s — 2r), 
which impUes that each indicial root satisfies 



> 



It foUows that the indicial radius of V*V is at least y/n^/A + r. 

On the other hand, if m is chosen so that grad-^-pju — along dM (i.e., u is 
purely tangential), we find that /s(V* V)u = (r(n+ 1 — r) + s(n — s — 2r))u. Solving 
/s(V*V)u = for s, we find that two of the indicial roots of V*V are 



n 

s = r ± 

2 



This proves that the indicial radius is exactly ^ + r as claimed. □ 

Corollary 7.4. Let P — + J(f he a Laplace operator acting on a geomet- 
ric tensor bundle of weight r, and suppose P has indicial radius R > 0. For c G M; 
the indicial radius R' of P + c is positive if and only if c + R^ > 0, in which case 



R' = y/c + R^. 

Proof. Comparing the formulas given by Proposition 17.31 for Is{P) and 



/„/2-r(-P)i we find that 

^/2 



Ls{P)^L^,^_,{P)-{s~n/2 + r)\ 



Observe that Ln/2-r{P) is self-adjoint by ProDOsition l4.4l so it has real eigenvalues. 
Now s is a characteristic root of P precisely when s is a solution to the quadratic 
equation {s — n/2-\- r)^ = fi for some eigenvalue fi of /,i/2-r(^)- If some eigenvalue 
were nonpositive, this equation would have a root with real part equal to n/2 — r, 
which would imply i? = 0. Therefore, the assumption i? > means that all of the 
eigenvalues of Ln/2-r{P) are strictly positive, and therefore the characteristic 
roots of P are s = n/2 — r ± yfJTi, with R^ = min{/^i}. 

Since Is{P + c) = Ls{P) + c, the characteristic roots of P + c are s = n/2 — 
r ± ^Jc + /ii, and the one with smallest real part greater than n/2 — r is s — 
n/2 — r ± Vc -I- i?^. Thus the indicial radius of P -I- c is Vc + P^ as claimed. □ 

Lemma 7.5. Let Al be the Lichnerowicz Laplacian, and let c be a real constant. 
Ifn^/A—2n+c > 0, then the indicial radius of Ai^ + c acting on symmetric 2-tensors 
is 

R = \j^-2n + c. (7.3) 

Proof. Observe first that Al preserves the splitting of symmetric 2-tensors 
into trace and trace- free parts: 

where E^M is the bundle of symmetric covariant 2-tensors, EgM is the subbundle 
of tensors that are trace-free with respect to and M.g C E^M is the real line 
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bundle of multiples of g. On Mg, Rc{ug) — Rm{ug), so Al acts as the ordinary 
Laplacian: 

AlM = (V*Vu)5. 

It follows from Lemma 17.11 (or Lemma 17.2(1 that the indicial radius of V*V on 
functions is R ~ n/2, so the indicial radius of V*V + c is yjv? + c, which is 
greater than 1(7. Therefore, it suffices to show that Al + c acting on trace- free 
symmetric 2-tensors has indicial radius given by 1(7.3(1 . 

The asymptotic formula ((4.3(1 for the Riemann curvature tensor implies that 
the action of Rm and Rc on SgM near the boundary is given by 

Rc(u) = —nu + 0(p\u\): 

(7.4) 
Rm{u) ~ u + 0{p\u\). 

Thus the indicial radius of Al + c on EqM is the same as that of V* V — 2n — 2 + c, 
which is ^n? /A — 2n + c by Lemma 17.11 and Corollary 17.41 □ 

The main thing that needs to be checked in order to apply Theorem lUl is the 
estimate ((1.4II . For some operators, an appropriate asymptotic estimate follows 
from an obvious integration by parts, such as V*V-|-c when c is a positive constant: 

{u,V*Vu + cu) = ||Vu||^ + c||u||^ > c||ii||^, 

from which < c~^||(V*V + c)u\\ follows by the Cauchy-Schwartz inequality. 
However, when the zero-order term is not strictly positive, we need to work a bit 
harder. 

As a warmup for the general estimates we will prove below, consider first the 
ordinary Laplacian A = c?*d on functions. The use of positive eigenfunctions, and 
more generally positive functions satisfying differential inequalities, is a common 
tool for estimating the lower bound of the spectrum of elliptic operators; see for 
example , 38 , 43j and especially (56| , where such functions play a central role. 
The following lemma was proved originally by Cheng and Yau (201 p. 345]. 

Lemma 7.6 (Cheng- Yau). Let M be any Riemannian manifold. If there exists 
a positive, locally function ip on M such that A(/7/(p > A, then 

(u, Au) > A||u|p (7.5) 

for all smooth compactly supported functions u. 

The proof of this lemma in (20| uses the maximum principle. Here is a simple 
proof based on integration by parts, which serves to motivate the somewhat more 
delicate estimates below. 

Proof. Let u e C^(Af). The divergence theorem gives 

= / d*(u^tp-'^dip)dVg 
Jm 

= j (^-2uip^'^ {du,dip)g+u'^ip^'^\dip\^ + u^ip^^/^ip^ dVg. 
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Thus 

< / \ipdiip-\)\^ dVg 
= / \du — u(p^^d(p\^ dVj 



M 

|rfup - 2uip'^ {du,dip) +u^ip^^\dLp\^] dVg 



M 



^A(p) dVg < / {uAi 
Jm Jm 



9 



XU-') dVg, 



IM JM 

which is equivalent to (|7.5|l □ 

Lemma 17.61 is a global result; but for proving asymptotic estimates, we need 
only find a function ip that satisfies Aip/ip > A on the complement of a compact 
set. In particular, on an asymptotically hyperbolic (n + l)-manifold, asymptotic 
computations show that A(/9"/^)/p"/^ can be made arbitrarily close to near 
dM. From this it will follow, for example, that A — A on functions satisfies the 
hypotheses of Theorem \C\ for any constant A < 

It is interesting to note that this simple estimate immediately yields a (rather 
crude) estimate for the covariant Laplacian on tensor fields. 

Lemma 7.7. // (I7.5|l holds for smooth functions compactly supported in some 
open set U C M , then for any smooth tensor field w compactly supported in U , we 
have 

{w,V*Vw) > A||w|p 

with the same constant A. 

Proof. Inequality (|7.5|) implies 

\\\uf<\\Vuf, 

which extends continuously to compactly supported functions in H^'^{U). If w is 
a smooth, compactly supported tensor field, the function \w\ is Lipschitz, hence in 
H^'^{U). Kato's inequality says that |V|w| | < |Vw| almost everywhere (see jlUI 
Prop. 3.49], where this is proved for scalar functions; the proof extends easily to 
tensors). Therefore 

A||w|p < ||V|u;| f < ||Vw|p {w,V*Vw). 

□ 

A version of this argument (using the maximum principle instead of integration 
by parts) was used implicitly in our proof that the linearized Einstein operator is 
invertible on weighted Holder spaces over hyperbolic space [29'. Unfortunately, as 
we noted there, this estimate was not sharp, and led to less-than-optimal Fredholm 
results for tensors. For the application to Einstein metrics in this monograph, we no 
longer need a sharp asymptotic estimate, because of the sharp Fredholm theorems 
of the preceding chapter. However, with other applications in mind, it is useful to 
see how far the asymptotic estimates can be pushed. 

The key to finding improved asymptotic estimates on tensors turns out to be to 
consider r-tensor fields as (r — 1) -tensor- valued 1-forms. Therefore we must make 
a short digression to discuss the properties of tensor-valued differential forms. 
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Let E be any geometric tensor bundle over Af, and let A'^E E®K'^M denote 
the bundle of valued q-forms on M. Let D : C°°{M-K^E) C°°{M-Ki+^E) 
denote the exterior covariant differential on i?- valued forms, defined by 

D{(7 (g) a) = V(T A a + cr (g) da, 

for a e C°°(M; A«M) and a € C°°(M; E). (The wedge product above is computed 
by wedging the 1-form component of Va with a to yield a section of A'+^i?.) We 
will study the covariant Laplace-Beltrami operator on £'- valued forms, defined by 
A = DD* + D*D, where D* is the formal adjoint of D. 

For a scalar 1-form a, we let aV: K'^^^E — > A'^i? denote the (pointwise) ad- 
joint of the operator aA: K'^E A'^'^^E with respect to g, so that {al\uo,rj)^ = 
{to, a V rj) g. In particular, if /3 is also a scalar 1-form, then aM P — (a, /3)g. 

For any function u S C^(M), let i?(fi) denote the covariant Hessian of u act- 
ing as bundle endomorphism H{u): K^AI — + A^Af, and extended to A'?Af as a 
derivation. In terms of any orthonormal basis, 

H{u)uj = M;ye* A {e' V oj) (7.6) 

(where the components of V^u), since both sides are derivations that agree 

on A^M. We extend this endomorphism to A'^E by letting it act on the differential 
form component alone. 

Lemma 7.8. Suppose a and (3 are scalar l-forms, oj is an E-valued q-form, and 
u is a function. For any local orthonormal frame {cj} for TM and dual coframe 
{e^}, we have the following facts: 

(a) Duj = e-' A Ve^uj- 

(b) D*uj = -e^ yVe.uj. 

(c) D[uLo) = uDw + du A Lu. 

(d) D*{uLo) = uD*LU - du\J uj. 

(e) aA{(3\J uj)+ [3\J {aAuj) = {a, 13) ^ to. 

(f) D(du y Uj) — —du V Duj + H{u)ijJ + Vgradu'^- 

(g) D*{du Aoj) = -du A D*uj + H{u)uj - Vgradu^ + (Au)w. 

Proof. Parts @ through Q are standard, and can be found, for example, in 
|6UI Ch. 2 and Section 6.1]. For Q, choose a point p G M and a frame {ej} such 
that Vcj — Ve-' = at p. Then, computing at p and using (j^, Q, and (|7.6|l . we 
have 

D{du W ui) = e^ A Vj{u.ke'' V tj) 

= e^' A {u.jke'' + u-ue' A {e^ V V^w) 
= H{u)uj + u.ug^^^jbj - u.ue-^ V (e^ A V^-tj) 

= H[u)uJ + Vgradw'^ — du M DlU. 

The computation for (jgf is similar. □ 

The integral formula in the next lemma, a tensor analogue of (|7.5|l . is the key 
to proving sharp asymptotic estimates. It unifies and generalizes Bochner-type 
formulas that have been used in various settings, such as the weighted Bochner 
formula introduced by Witten j58j to prove the Morse inequalities, and a closely 
related formula for scalar differential forms used by Donnelly and Xavier |25j to 
analyze the spectrum of the scalar Laplace-Beltrami operator on negatively-curved 
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manifolds, and by Lars Andersson 7^ for the same operator on asymptotically 
hyperbolic manifolds. Later Andersson and Chrusciel |S] used the formula presented 
here (based on an early draft of the present monograph) to obtain Fredholm results 
for the "vector Laplacian" L* L that arises in the constraint equations of general 
relativity (see the Introduction). 

Lemma 7.9. For any smooth, compactly supported section u of A'^E, and any 
positive function ip on M , the following integral formula holds: 



J M 

+ \^D{^-'u)\l + \^-'D*{ipu)\l dVg (7.7) 
{u;,{^~^A^ + 2H (log ^ j)uj) dVg. 



Proof. Let u = logip. Using Lemma [7. 81 we compute 

\e^D{e~-u:)\l + \e-^D*{e-Lo)\ldVg 

M 

\Duj -duA uj\l + \D*uj -duV dVg 

M 

\Dijj\l - 2 {Dlo, duAuj) + \du A uj\l 

M 

+ \D*uj\l - 2 {D*uj, du V tj)g + \du V dVg 
{oj, Auj)g ~2{duV Du, Lj)g + {du V {du A u),uo)^ 

M 

2 {uj,D{du V Lu))g + {du A {du V uj),uj)g dVg 

{uj, Auj) + \du\l\u\l - 2 {uj, H{u)uj) - 2 {uj, Vg,ad«C^)„ dVg 

M 

{uj, Auj)g + \du\l\uj\l ~ 2 {uj, H{u)uj)g - {Au)\uj\l dVg 

M 

{uj, Auj)g - e-"A(e")|a;|^ - 2 {uj, H{u)uj)g dVg. 

M 



□ 



To make use of this formula, we will use a power of the defining function p 
as our weight function ip. It is convenient to introduce the following notation: If 
P : C°° {M; E) — > C°° (M ; £') is a differential operator on M and A is a real number, 
we write 

{u,Pu)>\\\uf (7.8) 

to mean that for every £ > 0, there exists a compact set such that 

{u,Pu) > {X-e)\\uf 

whenever u is smooth and compactly supported in M \ iiT^. 

Lemma 7.10. Let M be an asymptotically hyperbolic {n + l)-manifold of class 
C'''^ , with I > 2 and < /3 < 1, and suppose either < q < n/2 or (n + 2)/2 < 
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q < n. The covariant Laplace- Beltrami operator satisfies the following asymptotic 
estimate on E-valued q-forms: 

where A = (n-2g)2/4 ifO<q < n/2 and X = {n + 2-2qf /A if{n + 2)/2 < q < n. 

Proof. We will use (|7.7() for forms uj supported near the boundary. Let p be 
a smooth defining function. Using (|7.1|l . we compute 

(logp);y = p~'^p-tP;j - gtj + 0{p). 

The tensor g acts as the identity on 1-forms, and since we extend it to act as 
a derivation, it acts on £'- valued g- forms as q times the identity. Using 1)7. 6|l . 
therefore, the action of Hilogp) on an £'- valued g-form oj can be written 

{LU,H{\ogp)^)g = (w, (logp);ye' A (e-'' V^))^ 



dp 



P \ P 

2 



q\L0\l + Oip\u\l). 



g 

Thus with If = p'^ , where s is a constant to be determined later, the integrand on 
the right-hand side of H7.7|l can be estimated as follows: 

(c.,(p-^A(p^) + 2,si/(logp)V) 



>s{n-s~ 2q)\uj\'i + 2s 



dp 
P 



2 



o{pHi). 



(7.9) 



Given i5 > 0, we can choose e small enough that the absolute value of the 
O(jo|w|g) factor above is bounded by (5|w|g on If s > 0, we then have for uj 
compactly supported in 

{uj,Alo) > is{n-s-2q)-S)Ml. 

This estimate is optimal when s = {n — 2q)/2, so as long as (n — 2q)/2 > 0, which 
is to say q < n/2, we obtain the conclusion of the lemma with X — {n — 2g)^/4. 

If on the other hand s < 0, we use the fact that \dp/p\g approaches 1 uniformly 
at dM. We choose e small enough that the 0{p\uj\'^) factor in H7.9|l is bounded by 
((5/2)|w|g and 2s\dp/p\'^ > 2s — S/2 on A^, and conclude that 

(w, Aw) > {s{n- s-2q) - 5/2)\\ujf + {2s - 5/2)\\lj\\'^ 

= {s{n-s-2q + 2) - S)\\uj\\^ . 

This in turn is optimal when s = (n + 2 — 2q)/2. Thus as long as q > {n + 2)/2, so 
that s < 0, we obtain the conclusion of the lemma with A = (rt + 2 — 2g)^/4. □ 

When applied to scalar- valued forms, this result can be used to obtain an 
elementary proof of the sharp Fredholm theorems and spectral bounds for the 
Laplace-Beltrami operator originally obtained by Mazzeo |39l I4U| . (See [7], where 
this is carried out in detail.) Our main interest in this monograph, however, is 
in the covariant Laplacian acting on symmetric tensors. In this case, we consider 
the bundle S''M of symmetric r-tensors as a subbundle of the bundle A^T'^~^AI of 
(r — l)-tensor- valued 1-forms. 
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The following lemma gives a Weitzenbock formula relating the covariant Lapla- 
cian on such tensors to A. For this purpose, we define zero-order operators Rc{u) 
and Rm[u) acting on r-tcnsors by 

r-l 

Rm{u)i^,,,i^_-^j — RiJ j''ui^...i...i^^xk- 

p=l 

Note that on symmetric 2-tensors, Rni agrees with the operator Rm defined by 
1)1.1(1 . but Rc is not the same as Rc in general. 

Lemma 7.11. For a section u of h^T^^^M , 

Au^\7*\7u + Rc{u) -Rm{u). (7.10) 

Proof. This is easiest to see in components, noting that the last index of u is 
considered to be the 1-form index. 

Applying the Ricci identity to the commutator 

^i-i...ir~\k\j ^ii . . .i,.- 1 fc; j 

yields the result. □ 

Specializing Lemma 17.101 to S^M, we obtain the following sharp asymptotic 
estimate. 

Lemma 7.12. The following asymptotic estimate holds for any smooth, com- 
pactly supported, trace-free symmetric r-tensor u: 

iu,V*Vu) >(^!^+r^ 

Proof. Using (|4.3|) . we compute that the curvature operators Rc and Rm 
have the following asymptotic behavior on trace-free symmetric r-tensors near dM: 

Rc{u) — —nu + 0{p\u\g); 

Rm{u) = (r - l)u + 0{p\u\g). 

To prove the lemma, just use Lemma |7. 101 with q — 1 together with Lemma |7. Ill 
to obtain 

(u, V*V-it) = (u, Au) - (u, Rc{u)) + {u, Rm{u)) 

>^^^^\\uf + n\\uf + {r-l)\\uf 

2 



□ 
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Remark. The same method yields similar estimates for Laplace operators 
acting on any other tensor bundle, but in cases other than fully symmetric or fully 
antisymmetric tensors, the estimates so obtained appear not to be sharp. It would 
be interesting to know if a modified version of H7.7() could be used to sharpen the 
estimate in those cases. 

Lemma 7.13. The following asymptotic estimate holds for any smooth, com- 
pactly supported, trace-free symmetric 2-tensor u: 

Proof. This follows immediately from the preceding lemma together with the 
asymptotic formulas (|7.4(l for Rm and Re. □ 



Proof of Propositions [dJ [eJ [0 andO The operators Al+c and V*V + 
c are Fredholm on for the claimed values of c by virtue of Lemmas 17.131 and 
17.121 On the other hand, the indicial radius computations at the beginning of this 
chapter show that these are precisely the values of c for which these operators have 
positive indicial radius, so these are the only values of c for which the operators 
are Fredholm. The result for the Hodge Laplacian follows similarly from Lemma 
17.101 in the case of scalar forms. The claims about the essential spectrum follow 
immediately from the Fredholm results: Since each of these operators is self-adjoint 
on L^, its spectrum is contained in R, and a real number A is in the essential 
spectrum if and only if P — A: L^{M; E) — > L^{M; E) is not Fredholm. 

For the vector Laplacian L*L, L. Andersson proved in '7! Lemma 3.15] that 
the following asymptotic estimate holds: 

2 

{V,L*LV)>-\\Vr. 

It follows from Proposition^that L*L is Fredholm on L^, and then the rest of the 
claims follow from Theorem [CI □ 



We conclude this chapter by observing that the sharp a priori L"^ estimates 
developed here for Laplace operators actually lead directly to sharp Fredholm 
theorems for such operators, without any need for the parametrix construction of 
the preceding chapter. This follows from the simple device of replacing u by 
to convert unweighted estimates to weighted ones. (Cf. also 7. Lemma 3.8].) 

Lemma 7.14. Let E he any geometric tensor bundle over M, and let P = 
V*V + be a Laplace operator acting on sections of E. Suppose that P satisfies 
the asymptotic estimate 

{u,Pu)>\\\uf (7.11) 

for some A > 0. // \5\'^ < A, there is a compact set K CZ M such that the following 
weighted estimate holds for all u G C^{M \ K; E): 

\\uh,2,5<C\\Pu\\a^2,5- (7.12) 
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Proof. If u e C^{M- E), then 
{p-'u,V*Vip-'u))^\\V{p-'u)\\ 



p-^^\\/u\''-26p-''U\/u,u 



2(5 



M 



dp 



(7.13) 



+ S'p-''\u\ 



dp 
P 



dV„ 



By the divergence theorem and the fact that A|m|^ — 2 {u, V*Vu) — 2| Vu|^, 







M 



d* {p-''d\u\l) dVg 



p-^^\Vu\l + 2Sp-^^ 



M 



yu,u® ^ ) dVg. 



dVn. 





dp 






Jm 


P 


if 





(7.14) 



Substituting this into H7.13|l . we obtain 

{p^^u,W*W{p-^u)) = {p-^u,p-^W*Wu) + 6^ 
Given e > 0, choose r > smah enough that 

(7.15) 

whenever u is smooth and compactly supported in Ar, and such that \dp/p\g < 
1 + s/{S^) on Ar- Applying (|7.15|l to p^^u and using H7.14|l . we obtain 

(A - e)\\p-'ur < {p-'u, (V*V + ,J^){p-'u)) 

< {p-'u, p-^(V*V + Jir)u) + (5^ + e)\\u\\l^^s 

< \\u\\oa,5\\Pu\\o.2,5 + [S^ + e)\\u\\l2,s, 

which implies H7.12|l as long as 2e < X — . □ 

With this estimate in hand, it follows immediately from Lemma [4.11)1 that P 
is Fredholm on Hg'^ {M; E) provided that < A. If only results are needed, 
this provides an exceedingly elementary approach that can be used in many cases. 
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Einstein Metrics 

In this chapter, we will apply the linear theory we have developed so far to 
prove the existence of Einstein metrics. To do so, we first need to describe a 
systematic construction of asymptotic solutions to the Einstein equation, which 
will then be corrected by appealing to an appropriate linear isomorphism theorem 
and the inverse function theorem. The construction of asymptotic solutions is very 
similar to the one we described on hyperbolic space in |29| . but more delicate 
because we start with less regularity at the boundary. 

Suppose (M, h) is an asymptotically hyperbolic Einstein (n + l)-manifold of 
class C'''^, with I > 2 and < /? < 1. Let p be a smooth defining function for h, 
and put h = p^h, h = h\QM- 

Recall the spaces C^'J^{M; E) defined in Chapter^ By definition of the indicial 
map, if P is a uniformly degenerate operator of order m and u E C^™j"(M;£'), 
then the behavior of P{p'^u) at the boundary is dominated by p^IsiP)!!- This in 
turn follows from the fact that p'^di^ ■ ■ ■ di.{p'^u) = p^'^di^ ■ ■ ■di.{p'^)u + o{p~^) 
in background coordinates whenever u G C-I^^(M). In the construction of our 
asymptotic solutions, we will need to make similar estimates when u has somewhat 
less regularity. The key is the following lemma. 

Proposition 8.1. Suppose Q<a<l,Q<k + a<l + j3,5EM., and s,j are 
integers satisfying l<j<s<k + a<l + f]. If u E C^'^^{M), then for any indices 
1 < ii, . . . , < n + 1, 

P^'d,, ■ ■ ■ a,, {p'u) - p-'-^d., ■ ■ ■ 5,^. {p'+^)u G Cf^^^^^CM). 

Proof. The proof is by induction on j. For j — 1, consider first the case 
5 = Q, in which case the claim is 

d,u^sp-\d,p)u mod (8.1) 

We will prove this claim by induction on k. Observe that diU and sp~^{dip)u are 
in C^~_}{^{M) by parts @ and iQ of Lemma ITTI Thus to prove 1)8. l|l . it suffices 
to show that the difference between the two terms is 0(p''~^+"). 

For k ~ 1, the only value of s that satisfies the hypotheses is s = 1. Since 
p = 0"+^ is a coordinate function, we consider separately the cases i < n + 1 and 
i = n + 1. When i < n + 1 the right-hand side of H8.1|l is zero. On the other hand, 
the left-hand side is in C°p"(M) and vanishes on dM (since u vanishes on dM and 

di is tangent to dM), so it is 0{p°'). When i = n+1, p^^u G C^^{M) by Lemma 
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, and by definition of the derivative, 

dn+iu{0,0) = hm 

p^O p 

It follows that dn+iu — p^^{dn+ip)u — dn+iu — p^^u G C^^^(M) and vanishes on 
so it too is 0(p"). This proves H8.1|l in the k = s = 1 case. 
Now let A; > 1, and suppose (|8.1|l holds for all smaller values of k. Observe that 
V = p^~''u G C^j^*^^'"(M) by Lemma . Therefore, by the chain rule and the 
inductive hypothesis, 

diU = diip'^^'^v) 

= is~l)p'-^{d^p)v + p'-^d^v 

= is- i)p-\d,p)u + p^-\p-\d.p)v + o(p")) 

= sp-i(9,p)« + 0(p^-i+"). 

Finally, for (5^0, the product rule gives 

p-^d,{p^u) = p~\dp^~\d^p)u + p^d.u) 

- dp-Hd,p)u + sp'\d,p)u + 0(p^^-i+") 
= p-^-''d^{p^+')u + 0(p''-i+"). 

This completes the proof of the j — 1 step. 

Now suppose the proposition is true for some j > 1. For any (j + l)-tuple 
(ii, . . . beginning with the induction hypothesis in the form 

^^2■■■ di,+, ip^u) - p-'d,, ■ ■ ■ di^^, {p^^')u 
we apply the chain rule to obtain 

+ p-^d,,---d.,^,{p'+^)u 

+ p-^d,, ■ ■■^.,,^Ap'^n^^,u)+0{p^-'-'+") 

= p-'-^d,, ■ ■ ■ a,,^, {p'+^)u + o(p^--'-i+"), 

where in the last line we have used the induction hypothesis again to evaluate 
di-^u. □ 

Corollary 8.2. Let P: C^{M;E) C°°{M;E) be a self-adjoint, elliptic, 
geometric partial differential operator of order m < I. Suppose < a < 1, < 
k + a < I + (3, 6 e R, and u £ C^'J^{M;E), where s is an integer satisfying 
l<s <k + a<l + (3. Then 

p-^-'P{p^u)\aM - h+s{.P)u, (8.2) 

where u = P^^u\qm- 
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Proof. Write Pu in background coordinates as 

where u is vector-valued and the coefficient functions a'^' ' ''^ are matrix- valued. If 
u G C|J^j"(M; E)^ then an easy computation shows that 

0<j<7n ii 

which impHes that 

Is+s{P)u= Yl E (^"'"Va*"-'^^-5n---5.,(p'+^))|aAf2. 

On the other hand, Proposition 18 . II shows that 

p-'-^P{p^u)^ Y E p-'-'p'a'"-'''d,,---d,^{p'+nip-'u) + Oip''), 

which proves the result. □ 

We will need an extension operator from tensor fields on dM to C'''^ tensor 
fields on M. In |29| . we did this by parallel translating along /i-geodesics normal 
to dM. However, in our present circumstances, because h may not be smooth up 
to the boundary, this parallel translation would lose regularity. Instead, we define 
our extension operator as follows. 

Let tt: TM\gM — > TdM denote the /i-orthogonal projection, which is clearly 
a C'''^ bundle map over dM. Given any C''^ 2-tensor field v on dM, lifting by tt 
yields a C'-^ section Tr*v of S^MjgM: 

Tr*v{X,Y) = v{TrX, ttY). 

Define a linear map E: C^^^^ {dM-Y?dM) &^I^^(M ^YFM) by letting E{u) = 
(/3n(7r*u), where </? is a fixed cutoff function that is equal to 1 along dM and is 
supported in a small collar neighborhood of the boundary, and 11 denotes parallel 
translation along normal geodesies with respect to some smooth background metric. 
For any C'"'^ Riemannian metric 'g on 9M, we define a metric Tijj) on M by 

T{g) = h + p-^E[g-h). (8.3) 

Then T: C^^^{dM; Y.'^dM) C^'''^{M; T?M) defines a smooth (in fact affine) map 
of Banach spaces. It is easy to see that if g is sufficiently close to h in the C^'^ norm, 
then T{jj) will be an asymptotically hyperbolic metric on M of class C'"'^, whose 
conformal infinity is Moreover, since E{Q) — 0, our construction guarantees 
that T(h) = h. 

For higher-order asymptotics, we will use an extension lemma due to L. An- 
dersson and P. Chrusciel |8l Lemma 3.3.1]. Translated into our notation, it reads 
as follows. 

Lemma 8.3. Suppose < a < 1 and fc > 0. Given an integer s such that 
< s < k and any ijj G C''~'''"{dM), there exists a function u G C'^^"{M) such 

that ip~''u)\dM = '0- 
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The formula ,8, (3.3.6)] for the derivatives of u makes it clear that the mapping 
^ 1-^ M is a bounded linear map from C'^-'*^"(9A/) to C^;^{M). 

Recall the operator Q defined by (|1.2() . The next lemma gives a construction 
of asymptotic solutions to Q{g,gQ) = analogous to Theorem 2.11 of 



Lemma 8.4. Suppose 0<(3<1, 2<l<n — 1, and h is an asymptotically 
hyperbolic metric on M of class C^'^ . Let g he any metric on dM of class C'''^, 
and set go = T{g). There exists an asymptotically hyperbolic metric g of class C''^ 
on M such that p^gldM = g o,nd 



Qia, go) G C[;^2%^{M; E^m) c Cl^^'^iM; E^M). (8.4) 

(o)( 



The mapping S: C^^I^{dM;T?dM) p-'^C[^{M;Y?M) given by S{g) = g is a 



smooth map of Banach spaces. 

Proof. Define a nonlinear operator 

Q: Clf^(M;i:'^M) x C[;,'J (M ; E^M) ^ Cjo"^^''^(M; E^M) 

by 

It is clear that H8.4|l is equivalent to Q{p^g, p^go) — 0(/5'^^+^). It follows from for- 
mula (2.19) of 29 that Q has the following expression in background coordinates: 

where (o^ is a universal polynomial in the components of 5, ^q, their inverses, and 
their coordinate derivatives of order less than or equal to j. It follows that Q takes 
its values in 

Clf^iM; E^M) + pCl-^''^(M; E^M) + p^cf-^^./^^^. ^2^)^ 5^ 

and is a smooth map of Banach spaces. 

We will recursively construct a sequence of metrics ^q, ... ,5; G C'q'^(M; E^M) 
satisfying Qi^k^Vo) — ^{p^)- fact, we will prove a bit more, namely that 

'pC\-l'\M- E^M) + p^C\-^'P{M- EW), k = 0, 



Q{9k,9o) e < 



p'^Cl-^fjAd; Y?M), l<k<l-l, (8.6) 



(fe-i) _ _ 
yP^G\i^2lp^{M;Y?M), k = l. 

Begin with = p^T{g). It follows from Corollary 2.6 of |29| that 

QiVo^Vo) = 0{p). 
Since the intersection of (|8.5|l with 0{p) is 

Cj'^(M; E^M) + pC'Jo)^'^(M; E^M) + p'^C^^^^'^ (M; E^M) 
C pCl-^'-''(M; E^M) + p2c;-^2,/5(^. ^2^)^ 

we have H8.6|) in the fc = case. 

Assume by induction that for some /c, 1 < A: < ^, we have constructed 
Vk-i G C|^'^(M;E2M) satisfying the analogue of (jS^. Then letting v = 

P~'^<9(fffe-i)ffo)|aM, we see from Lemma imj g|l that u is a C'"*^'*^ section of TM\gM- 
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If r e C'jf^(M; T?M), the same argument as in the proof of |29| Theorem 2.11] 
shows that 

Q{9k^i+r.go) = Q(5fe-i,5o) + p'(Al + 'in){p-^r) + oip''). (8.7) 
By Corollary 18. 21 we have 

p2-fc(AL + 2n){p-^r)\9M = hM^i. + 2n){p-''r)\sM + o{l). 

Because the indicial radius of AL + 2n is i? = n/2, /s(AL + 2n) is invertible provided 
—2 < s < n — 2. Thus as long asl<fc<Z<n— 1, there is a unique C^~^'l^ tensor 
field ij} along dM such that Ik-2 ( Al + 2n)-0 ~ —v. By Lemma there is a tensor 
field r e C^^f^ (M; E^M) such that (p"''r)|aM = V"- Inserting this back into 
we conclude that Qi'g^^i +r,^Q) = o{p'^), and thus actually satisfies (|8.6|) . Setting 
9k — 9k-i + ^ completes the inductive step. 

After the k = / step, we set g = gi, and 18.4|l is satisfied. The smoothness of the 
operator S :'gi-^ g is immediate from the remark following Lemma 18.31 above . □ 

Proof of Theorem ^ The proof follows closely that of Theorem 4.1 in |29| . 
We define an open subset ^ C C^^f^idM; Y?dM) x C\fp{M; Y?M) by 

— {(5,7") : g, and S{g) + r are all positive definite}. 

Define a map B: SS ^ C''^(9Af; Y?dM) x C\^Y{M; Y?M) by 

^(?,^) = (5,Q(5(5) + r,r(g))), 

where T is defined in (|8.3|) and in Lemma f8. 41 It follows just as in |29j that i2 
is a smooth map of Banach spaces. 

Since TiK) — S(K) — h and h is an Einstein metric, 0) — {h,0). As is 

shown in j29| . the linearization of =S about (/i,0) is the linear map DJS^^ from 
&^l^{dM;T?dM) x C\ffj{M;Y?M) to C^^l^ {dM;TP-dM) x C'^|'''(M; S^M) given 

by 

= (g,(AL + 2n)r + ifg), 

where 

i^g = CiQ(/.,/.)(^^^g) + D2Q(^h.H)iDTiq). 

Because Al + 2n preserves the splitting Y^M — SqM © Rg, to show that it 
satisfies the hypotheses of Theorem[n| we need to show that it has trivial kernel 
on each of these bundles separately. Since Rm[g) = Rc{g), the action of Al on 
sections of Mg is just given by the scalar Laplacian: 

AL(u.g) - (V*Vu).g. 

Since 2n > 0, it follows easily from integration by parts that V*Vm + 2n acting 
on scalar functions has trivial kernel. Thus the assumption that Al + 2n has 
trivial kernel on SgM is sufficient to allow us to apply the results of Theorem 
10 In particular, Al + 2n: ^/iM; Y?M) &f^-'^{M; Y?M) is an isomorphism 
for |i5 — n/2\ < n/2, which is to say for < S < n. This is true for 6 = I + P, so the 
linearization of B has a bounded inverse given by 

{DJ2^j^^^^r\w,v) = (w, (Al + 2n)-\v - Kw)). 
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Therefore, by the Banach space inverse function theorem, there is a neighborhood 
of {h, 0) on which =S has a smooth inverse. In particular, for g sufficiently C'''^ close 
to h, there is a solution r G C;f^(M; E^M) to ^{g, r) = {g, 0). 

Putting 5 = S'(g) + r and 50 = T (g) , we have Q {g , go) =0. Moreover, if the C'"'' 
neighborhood of h is sufficiently small, then g will be uniformly close to h, and 
therefore g will have strictly negative Ricci curvature. By Lemma 2.2 of 29 , this 
implies that g is Einstein. Note that p^r £ Cj^2+/3(-^; ^^-^): which is contained 
in C[o'^(M;E2M) by Lemma 1X71 Since p^S{g) € C';,'^ (M; E^M) by construction, 

it follows that g is asymptotically hyperbolic of class C'''' as claimed. 

It remains only to prove that Al + 2n has trivial kernel on Egill under the 
assumptions stated in Theorem IXI First suppose that h has nonpositive sectional 
curvature. A simple algebraic argument (see |T3, Lemma 12.71]) shows that if h 
is an Einstein metric on an [n + l)-manifold with scalar curvature —n{n + 1), its 
Riemann curvature operator Rm acting on trace-free symmetric 2-tensors satisfies 
the following estimate at each point p G M: 

{Rm{u), u)h <{n+{n- l)K^M) Hi, (8.8) 

where ii'inax(p) is the maximum of the sectional curvatures of h at p. (In (13i| . this 
is attributed to a hard-to-find 1979 paper of T. Fujitani; however, the argument was 
already given in 1978 by N. Koiso |35l Prop. 3.4].) Since the Einstein assumption 
implies that Rc{u) = —nu, we have 

Al + 2n = V*V - 2Rm = DD* + D*D + n - Rm 

(see ()7.10|) '). Therefore, if h has sectional curvatures everywhere bounded above by 
-K < 0, for any u G C;?°(M; E^Af) we have 

(u, (Al + 2n)w) ^ \\D*u\\^ + \\Du\\^ + n\\u\\^ ~ {u,Rm{u)) 
> (u, [n — Rm)u) 
>{n- 1)k||m|P. 

The same is true for u € H^'^{M;T.lM) because C;?°(M;EgM) is dense in that 
space. If K > 0, it follows immediately that Al + 2n has trivial kernel. On 
the other hand, if k = 0, the sequence of inequalities above implies that if u G 
H^'^{M; EqM) is a solution to (Al -I- 2n)u = 0, the nonnegative quantity {u, {n — 
Rm)u)h must vanish identically on M. Since the sectional curvatures of h approach 
— I at infinity, there is some compact sei K <Z M such that i^max(p) < —1/2 for 
p G M \ K , and then (|8.8|l implies that u = on M \ K. Since Al is a Laplace 
operator, it satisfies the weak unique continuation property jUJ 14 7| . and therefore 
u is identically zero. 

Finally, suppose that the conformal infinity [h] has nonnegative Yamabe in- 
variant. Then the result of |38j shows that the Laplacian satisfies the following 
estimate for smooth, compactly supported scalar functions u: 

9 

77 

(u,v*vw) > — hip. 

(The proof in |38| required h to have a C^'" conformal compactification. However, 
using Lemma 3.3.1 of [5], it is easy to reduce that to C^'". See also | 57| for a 
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different proof.) By Lemma [7.71 therefore, the same is true when u is a smooth, 
compactly supported tensor field, and by continuity for all u E H^-^{M; E^M). 
Suppose h has sectional curvatures bounded above by {n^ — 8n) / {8n — 8) . Then 
gives 

2(7.,i?m(u)), < 2 ^ ^^^-^ juj^ = — 

If u e L^(M; SpM) is a solution to (Al + 2n)u = 0, therefore, 
= {u, (Al + 2n)u) 
= {u, (V*V - 2Rm)u) 

9 

,,9 n 

= Vu P - — u 



f+ (u, {n^/4-2Rm)u^ 



> 0. 

It follows as before that the nonnegative function {u, — 2Rm)u)h must be 

identically zero, and since the operator — 2Rm) is positive definite outside a 

compact set, u must be identically zero by analytic continuation. □ 
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